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Chapter 1

Introduction

1 Biological Origins

In 1987 T. Head presented the concept of splicing systems as a mathematical model

of biological systems containing double-stranded DNA and enzymes which cut and

paste DNA [7]. Head recognized that the action of such enzymes was generative in

nature, and he laid the groundwork for a new �eld of study in formal language theory.

The correspondence between the biological model of splicing and the theoretical

model of splicing is in terms of strings and rules. In biological terms, splicing starts

with double-stranded DNA(dsDNA), together with a set of cutting and pasting en-

zymes, all assumed to be in solution with appropriate reagents needed for cutting and

pasting to occur. An initial set of dsDNA is transformed by the action of cutting and

pasting enzymes, called restriction enzymes and ligases, respectively. Each restric-

tion enzyme has a spec�c DNA sequence which it recognizes, and it cuts dsDNA in a

speci�c pattern if the DNA contains its recognition site. Pasting, or ligation, occurs if

the pieces generated by cutting have complementary single-stranded overhangs. Over

time, the system evolves as the iterated cutting and pasting action of the enzymes

produces new dsDNA strands.

In its original formulation by Head, a splicing system consists of a �nite initial

set of sequences, with in�nitely many copies of each sequence available to the system.

This initial set is encoded as a �nite language written over a �nite alphabet. The
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cutting action of each restriction enzyme in the system is encoded as a splicing rule.

The rules recombine the strings in a way which emulates the biological system. The

pasting, or ligation step is not encoded - it is simply assumed to occur whenever it

is biologically possible. The set of initial strings together with all the new strings

produced by iterated splicing in the system is called the splicing language generated

by the system.

The original splicing model was concerned with �nite initial sets of strings and

�nite rule sets. It is well known now that any such system generates a splicing

language which is regular in terms of the Chomsky hierarchy of classifying languages,

[3], [4], [22], [21]. Later generalizations include the notion of systems having initial

sets and rule sets residing in any of the families of languages familiar to language

theorists, not just the �nite ones. We, however, are concerned with languages which

arise as the result of splicing �nite initial sets with �nite rule sets. This follows Head's

1987 paper [7], in which he presented the problem of characterizing such languages.

I became interested in splicing languages as both a tool for better understanding

biological phenomena, and as an exercise in formal language theory. I was fascinated

by this bridge between the biological sciences and mathematical sciences. I wished to

answer the following questions: Is it decideable whether a given regular language is a

splicing language? Which regular languages are splicing languages? What properties

are common to all splicing languages? Does splicing really work in vitro? This thesis

holds the results which I have so far obtained in my quest to understand splicing

languages.

One of the main problems treated in this thesis was proposed by Head. He chal-

lenged his audience in [8] to �nd an algorithm which takes a regular language L � A�

as input, and gives as output the answer to the following question: Is there a �nite

set of constant factors F of L such that L n A�FA� is �nite? If so, then Head's

work reveals that L is a re
exive splicing language of a very speci�c type. Such an

algorithm is presented in Chapter 5, using a result developed by D. Pixton.

Constants seem to play an important role in splicing. In particular, re
exive

splicing languages have only rules which have constant sites. Also, Head's theorem
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characterizes certain splicing languages based on �nite constant factor sets. We con-

jecture that every splicing language contains a constant word. All results in this

thesis support the stronger conjecture that every in�nite splicing language contains

in�nitely many constant words.

2 A Brief Outline

Chapter 2 contains de�nitions basic to any study in formal language theory, including

the de�nition of the syntactic monoid. The splicing de�nition used throughout this

thesis is given, as well as other splicing de�nitions found in the literatue. Included

are the de�nitions of H systems and extended H systems, as introduced by Paun

[16]. The notions of respectful rules, re
exivity, and constants are introduced. This

chapter contains a new proof that every regular language is the homomorphic image

of a splicing language. This chapter also contains a new proof that regular languages

are exactly the set of extended splicing languages generated with �nite initial sets

and �nite rule sets.

Chapter 3 contains results about the types of rule sets which respect regular

languages. In particular, this chapter contains a proof that regular languages have

regular respecting sets of rules. Also given is a proof that regular languages have

regular re
exive sets of respecting rules. In the last section, there is an example

demonstrating that there are non-regular languages which have regular respecting

rule sets.

Chapter 4 contains an alternate proof of Head's theorem characterizing a language

L � A� which has a �nite subset F of constants such that L n A�FA� is �nite. The

third section of this chapter contains a characterization of the languages residing in

the family of re
exive splicing languages. Also in this chapter is the answer to the

following question: Is every splicing langauge which is generated by a �nite splicing

system a re
exive splicing language? The answer is no, and is shown by counterex-

ample.

Chapter 5 contains the main results of this thesis { namely an algorithm which
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determines if a given regular language L � A� has a �nite subset F of constants such

that LnA�FA� is �nite. Also presented is Pixton's Simultaneous Pumping Theorem,

which is central to the main proof of this chapter.

Later chapters focus on splicing systems having rules of particular types. Chap-

ter 6 is a review of simple splicing languages and null context languages. This chapter

contains a characterization of simple splicing languages in terms their factors and con-

stant symbols. Strictly locally testable languages are de�ned. Also in this chapter is

a statement of Head's theorem which says that the set of null context languages is

precisely the set of strictly locally testable languages.

Semi-simple splicing languages are introduced in Chapter 7. The �rst section of

this chapter contains an example demonstrating that there are semi-simple languages

which are not simple. Also given is an example which shows that there exist null

context languages which are not semi-simple. In the third section of this chapter, the

concept of an arrow graph is developed. The arrow graph is used to prove another

main result { namely that every semi-simple language is strictly locally testable.

Semi-null languages are de�ned in Chapter 8. An example is given to demon-

strate that there are semi-null languages which are not null-context, and therefore

not strictly locally testable. Conditions under which one rule semi-simple languages

are in�nite are given. A proof that any one rule semi-null language which is in�nite

contains in�nitely many constant words is presented.

In Chapter 9 holds laboratory results. In 1997 K.J. Reddy and I set out to verify

that splicing systems behave in vitro as predicted by Head's model. Our results indeed

support the claim that in vitro splicing systems display the dynamical behavior which

Head's model predicts.
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Chapter 2

Beginnings

We begin with de�nitions and a review of some of the history of the splicing model.

We shall present some of the results which are relevant to the questions in which

we are interested. We present the model of splicing that we will use throughout

this work. We will discuss this model as it relates to generalized notions of splicing,

namely H systems and extended H systems, as introduced by Paun. We shall review

some results by Head, Paun and Pixton which motivate the focus of this work. We

will present a di�erent proof of a result of Paun, namely that every regular language

can be generated by an extended H system having �nite initial set and �nite rule set.

We will also present some examples which support our conjecture that every splicing

language contains a constant word. We �rst need some preliminary de�nitions.

1 De�nitions

Let A denote a �nite alphabet, and A� the free monoid generated by A, where the

identity element, or empty word, is indicated by the symbol 1. Also, let A+ = A�nf1g.

Given L � A�, we de�ne L� to be the monoid in A� generated by the words in L. If

L = fwg, then we will confuse the notation by omitting the set brackets, writing L

simply as w, and L� as w�. As expected, L+ denotes L� n1. Given w 2 A�, we denote

the length of w by jwj. Notice that j1j = 0.
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2 The Syntactic Monoid

Let L � A�. We de�ne the congruence relation �L on A� as follows:

u �L v if and only if xuy 2 L i� xvy 2 L; for all x; y 2 A�:

The quotient A�= �L is called the syntactic monoid of L, and denoted by SynL. The

following are well known facts about syntactic monoids of regular languages. The

reader is referred to [10], [19] for proofs, if needed.

Theorem 2.1. A language L is regular if and only if SynL is �nite.

Theorem 2.2. Let L � A�. Let � : A� ! A�= �L be the natural mapping from A�

into SynL. If L is regular then ��1(x) is regular for all x 2 SynL.

3 Splicing De�nitions

Let A denote a �nite alphabet. A splicing rule, also called a rule for simplicity, is

a quadruple (u; v ; u0; v0), where u; v; u0 and v0 come from A�. Given a rule r =

(u; v; u0; v0) and two strings w = xuvy and w0 = x0u0v0y0 in A�, we may splice w and

w0 via r, generating the splicing product xuv0y0. We will denote this by the following

shorthand:

(xuvy; x0u0v0y0)`(u; v ;u0; v0) xuv
0y0

If z is generated by splicing words w and w0 via r, then we may write (w;w0)`r z.

If r is understood, then we may simply write (w;w0)` z. A rule r = (u; v ; u0; v0)

determines the sites uv and u0v0. Evidently, words w and w0 can be spliced via r

whenever they contain uv and u0v0, respectively. Given w;w0 and r, notice that there

may be more than one possible splicing product.

Given L � A� and a rule r, we de�ne r(L) as follows:

r(L) = fz 2 A�j9w;w0 2 L such that (w;w0)`r zg

Given an alphabet A and a set of rules S � (A�)4, the pair � = (A; S) is called a

splicing scheme. Given a splicing scheme � = (A; S) and a language L, we de�ne one
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iteration of splicing L via � as follows:

�(L) = fz 2 A�j9w;w0 2 L and r 2 S such that (w;w0)`r zg

Notice that an equivalent de�ntion of �(L) may be given:

�(L) =
[
r2S

r(L)

Given a splicing scheme � = (A; S) and I � A�, we de�ne iterated splicing as follows:

�0(I) = I

�i+1(I) = �i(I) [ �(�i(I)); i � 0

��(I) =
[
i�0

�i(I):

In other words, ��(I) is the smallest language containing I and closed under splicing

with respect to �. A splicing scheme � together with its initial set I constitutes a

splicing system (A; I; S), or just (I; �), where � = (I; S). The language ��(I) is called

the splicing language generated by (I; �). We will also use the notation L(A; I; S),

or simply L(I; �) interchangeably with ��(I).

We are expressly interested in splicing systems in which the initial set I and the

rule set S of � are �nite. It is well known that, for such � and I, ��(I) is regular.

This result was �rst attributed to Culik and Harju [4], and reproven by Pixton in

[22]. A generalization of this result was then given by Pixton in [21]. We shall discuss

this more in Section 4. We shall take the following liberty and use the term splicing

language to refer to languages of this restricted type, unless we specify otherwise.

De�nition 2.3. Given L � A�, we say L is a splicing language if L = ��(I) for

I � A� and � = (A; S), where S and I are �nite.

In order to clarify our motivation for taking this de�nition of splicing, rather than

a more general de�nition, we must review some of the history of the development of

the splicing model.
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4 History and Motivation

As stated in the previous section, splicing was �rst de�ned by Head as an operation

on strings written over an alphabet A. The initial set of strings, and the set of

splicing rules are both �nite in Head's original model. One generalization of splicing,

introduced by Paun [16], involves initial sets and rule sets which are not �nite. Paun

uses a slightly di�erent notation for rule sets, introduced below.

4.1 H systems

According to Paun, an H scheme is a pair (A; S), where A is an alphabet and S �

A�#A�$A�#A� is a set of splicing rules, where the symbols $; # are not in A [15].

Two words written over A may be spliced via a rule r in S exactly as de�ned in

Section 3, namely,

(xuvy; x0u0v0y0)`(u#v $u0#v0)xuv
0y0:

Note that the rule set S � A�#A�$A�#A� can be in�nite, and that we may classify

S according to the Chomsky hierarchy or any other classi�cation of languages. We

shall use Paun's notation for splicing rules when it is important to treat rule sets as

languages. Let us denote by FIN , REG, CS, and RE the families of �nite, regular,

context-sensitive and recursively enumerable languages, respectively.

We have the following de�nition due to Paun [16]:

De�nition 2.4. Let S 2 F , where F is a given family of languages. Then the H-

scheme � = (A; S) is said to be of F type.

For two families of languages, F1 and F2, we de�ne H(F1; F2) as follows:

H(F1; F2) = f��(L) j L 2 F1; � = (A; S); and S 2 F2g:

It is worthwhile to mention the following facts about H systems in general, which can

found in [17]:

(i) FIN � H(FIN; FIN) � REG
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(ii) REG = H(REG;FIN)

(iii) H(REG;REG) contains RE languages which are not CS.

The statement that H(FIN; FIN) � REG was �rst treated by Culik and Harju [3],

[4], and reproven by Pixton [21] in the following generalized form:

Theorem 2.5. If F is a full AFL (a nontrivial family of languages closed under

union, concatenation, Kleene +, arbitrary morphisms, inverse morphisms and inter-

section with regular sets), then H(F; FIN) � F .

The reader who is familiar with the work of Paun and others may be acquainted

with results pertaining to a further generalization of splicing systems, called extended

H systems.

4.2 Extended H systems

An extended H system is a quadruple


 = (A; T; I; S);

where A is an alphabet, T � A, I � A�, and S � A�#A�$A�#A�, where $; # are

symbols not in A. In (A; T; I; S), T is the terminal alphabet, I is the set of initial

strings, and S is the rule set. The underlying H scheme is � = (A; S), augmented

with T and I. The language generated by 
 is

L(
) = ��(I) \ T �;

where � is the underlying H scheme of 
.

For two families of languages F1 and F2, we denote by EH(F1; F2) the family of

langauges generated by EH systems of the form 
 = (A; T; I; S) where I 2 F1 and

S 2 F2. One result of interest is this:

EH(FIN; FIN) = REG:

One direction of the containment (�) is a direct result of the work of Culik and Harju,

and Pixton. The other direction was presented by Paun, Rozenberg and Salomaa in

[18]. We shall present a proof of the second containment in Section 6.1 of this chapter,

using a result due to Head. Before doing this, we shall need a few more de�nitions.
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5 More De�nitions

The following de�nitions can be applied to splicing systems which have arbitrary rule

sets and initial sets.

5.1 Respectful and Useful Rules

The following is a notion concerning rule sets and languages:

De�nition 2.6. Given a language L � A� and a splicing rule r, we say r respects

L if r(L) � L.

In other words, we say a rule r respects L if L is closed under splicing via r. For

L � A�, we de�ne R(L) as follows:

R(L) = fr 2 (A�)4 j r respects Lg:

In particular, if � = (A; S) and L = ��(I) for some I, then every rule in S respects L,

or simply said, S respects L. Put another way, we see that S � R(L). There may, of

course, be rules which respect L which are not included in S. Notice also that, given

a rule r and a language L, if r contains a site which appears in no word in L, then r

respects L in a vacuous sense. Let us de�ne the factor set of L as follows:

FacL = fw 2 A� j 9x; y 2 A� such that xwy 2 Lg:

Notice that 1 2 FacL unless L is empty.

We shall now de�ne the notion of usefulness.

De�nition 2.7. Given L � A�, we de�ne the set of useful rules for L as the set

of all rules of the form r = (u; v ; u0; v0) where uv and u0v0 are in FacL.

Notice that useful rules for L may or may not respect L.

5.2 Re
exivity and Constants

The following de�nition is due to Head [8].
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De�nition 2.8. Given a rule set S, we say S is re
exive if (u; v ; u0; v0) 2 S

implies that (u; v ; u; v) and (u0; v0 ; u0; v0) are also in S. If � = (A; S), and S is

re
exive, we say � is a re
exive splicing scheme.

De�nition 2.9. L is a re
exive splicing language if there exists a re
exive splic-

ing scheme � = (A; S) and a set I such that L = ��(I). We say (I; �) is a re
exive

splicing system.

De�nition 2.10. Given a �nite set S of rules, the re
exive closure of S, denoted

�S, is de�ned as follows:

�S = S [ f(u; v ; u; v) j 9u0; v0 such that (u; v ; u0; v0) 2 �S or (u0; v0 ; u; v) 2 �Sg:

Note that �S is both �nite and re
exive. Further, if X is a re
exive rule set

containing S, then X must contain �S. So �S is the smallest re
exive set of rules

containing S.

De�nition 2.11. If � = (A; I; S) and �S is the re
exive closure of S, then we denote

the system (A; I; �S) by ��.

The notion of a constant word was introduced by Sch�utzenberger in [23].

De�nition 2.12. Given L � A� and c 2 A�, we say c is a constant of L if for all

x; y; x0 and y0 in A�, xcy; x0cy0 2 L implies xcy0 2 L.

Given L � A�, we denote by C(L) the set of all constants of L:

C(L) = fc 2 A� jc is a constant of Lg

Lemma 2.13. Let L � A�, and let c 2 C(L). Then A�cA� � C(L).

Proof. The proof is left to the reader.

Notice that if a string c 2 A+ does not appear as a factor of any word in L, then c

vacuously satis�es the de�nition of a constant word of L. We therefore de�ne the set

of constants appearing as factors of L as follows:

Cfac(L) = FacL \ C(L)
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Lemma 2.14. Let � = (A; S) be a re
exive splicing scheme. Then for any I, every

site in S is a constant of L(I; �).

Proof. Let I � A� be given. Let r = (u; v ; u0; v0) be a rule in S. Consider words

xuvy and x0uvy0 in L(I; �). Since S is re
exive, the rules r1 = (u; v ; u; v) and r2 =

(u0; v0 ; u0; v0) are also in S. We may splice as follows via r1: (xuvy; x
0uvy0)`r1 xuvy

0 2

L. We may also splice using x0uvy0 �rst, thus obtaining x0uvy 2 L(I; �). So site uv

is a constant of L(I; �). In a similar fashion, we may splice using r2, and show u0v0 is

a constant of L(I; �).

De�nition 2.15. Let L � A�. The rule r = (u; v ; u0; v0) is called a re
exive rule

with respect to L if site uv and site u0v0 are both constants of L.

De�nition 2.16. Let S be a set of rules, and L � A�. Then we say S is re
exive

with respect to L if all rules in S are re
exive with respect to L.

Note 2.17. Let � = (A; S) be a re
exive splicing scheme. Let I � A�. Then S is

re
exive with respect to ��(I).

Proof. Let r = (u; v ; u0; v0) 2 S. Consider site uv. Let xuvy and x0uvy0 be words in

��(I). Since S is re
exive, the rule (u; v ; u; v) is in S. Splicing, we see xuvy0 is in

��(I). So uv is a constant of ��(I). In a similar fashion, we see u0v0 is also a constant

of ��(I). Thus S is re
exive with respect to ��(I).

Proposition 2.18. Let � = (A; S) be a splicing scheme, and I � A�. Let �� be

the re
exive closure of �. If each rule in S is re
exive with respect to ��(I), then

��(I) = ���(I).

Proof. Since S � �S, it is clear that ��(I) � ���(I). For the other inclusion, we shall

inducton k, where w 2 ��k(I). For the basis, note ��0(I) = I � ��(I). Assume the

hypothesis is true for all i < k, where k � 1. If w 2 ��k(I) n I, then there are words

z = xuvy and z0 = x0u0v0y0 in ��k�1(I), and a rule r = (u; v ; u0; v0) 2 �S such that

(z = xuvy; z0 = x0u0v0y0)`r xuv
0y0 = w:
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If r 2 S, then we are done, since z and z0 are in ��(I) by the induction hypothesis.

Otherwise, r 2 �SnS, and we note that r = (u; v ; u; v) where uv is a site of a rule in S.

Since S is a re
exive set of rules with respect to ��(I), uv is a constant of ��(I). Since

z = xuvy and z0 = x0uvy0 are in ��(I) by induction hypothesis, the word xuvy0 2 ��(I)

by the de�nition of constant. Since v = v0, w = xuv0y0 = xuvy0 2 ��(I).

The following simple lemma about constants will often be used as the de�nition of

constants of splicing languages.

Lemma 2.19. The string u 2 A� is a constant of L if and only if the rule (u; 1 ; u; 1)

respects L.

The proof of the lemma an obvious application of the de�nitions. A more general

version of Lemma 2.19, also easily veri�ed from the de�nitions, has this formulation:

Lemma 2.20. Let u; v 2 A�. The string uv is a constant of L if and only if the rule

(u; v ; u; v) respects L.

Notice that Lemma 2.19 can be modi�ed to the following statement about constant

factors:

Lemma 2.21. The rule (u; 1 ; u; 1) is useful in L and respects L if and only if u is

a constant factor in L.

6 Previous Results

The following result due to Head appeared in Splicing languages generated with one

sided context [8], and is central to this thesis:

13



Theorem 2.22. Let L � A� be a regular language. L is a splicing language generated

by a re
exive splicing system in H(FIN; FIN) in which each rule has either the form

(u; 1 ; v; 1) or the form (1; u ; 1; v) if and only if there exists a �nite set F of constant

factors of L such that L n A�FA� is �nite.

We shall give a proof of this theorem in Chapter 4 which is slightly di�erent from

the one given by Head. In [8], Head presented the problem of �nding an algorithm

to determine the existence of such a �nite set F , given an arbitrary regular language

L. We shall present such an algorithm in Chapter 5.

Another theorem due to Head is the following:

Theorem 2.23. Let L � A� be a regular language. Let c be a symbol not in A. Then

the language cL is a splicing language in H(FIN; FIN).

While we omit the proof, we will point out that it is constructive. In particular,

all rules may be chosen to be of the form (cuv; 1 ; cu; 1), where u and v are in A�. In

fact, the language cL has the form of a re
exive splicing language of the sort described

in Theorem 2.22. The �nite set of constants F such that cLnA�FA� is �nite is simply

the set fcg.

We have the following corollary:

Corollary 2.24. Let L � A� be a regular language, and let c =2 A. Then L [ cL is

in H(FIN; FIN).

Proof. If one takes (A [ fcg; I; S) to be a splicing system which generates cL, where

the rules in S are constructed according to the algorithm in the proof of Theorem 2.23,

one can append one more rule to S, namely (1; c ; c; 1). This new rule acts as only

a cutting rule, and generates exactly the words in L from the words in cL. Taking

S 0 = S [f(1; c ; c; 1)g, and A0 = A[fcg, we have the new splicing system (A0; I; S 0).

It is clear that L(A0; I; S 0) = cL [ L.

Another corollary of Theorem 2.23 is worth mention, originally due to Gatterdam [6]:

Corollary 2.25. Every regular language is the homomorphic image of a splicing lan-

guage in H(FIN; FIN).
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Proof. Given regular L, one has the splicing language cL. L is the image of cL by

mapping every letter in A to itself, and the symbol c to the empty word.

6.1 A New Look at EH(FIN; FIN) = REG

We now have the tools with which to reprove the following, found in [16]:

Theorem 2.26. EH(FIN; FIN) = REG

Proof. Let L 2 EH(FIN; FIN). Then L = L(
) for 
 = (A; T; I; S). From the

de�nition of EH systems, it is clear that L = ��(I) \ T � for � = (A; S), and that

��(I) is an H language in H(FIN; FIN). Theorem 2.5 says that ��(I) is regular.

Hence L is regular. Now let L � A� be a regular language. By Theorem 2.23, we

have cL 2 H(FIN; FIN). Let (I; S) be the H system which generates L0 = cL [ L,

as seen in Corollary 2.24. Then the EH system 
 = (A [ fcg; A; I; S) generates

L0 \ A� = L.

7 Examples and Conjectures

Again, we emphasize that throughout this paper, unless otherwise speci�ed, our use

of the terms splicing scheme and splicing system should be understood to denote

exactly those schemes and systems which have �nite rule sets and �nite initial sets.

The simplest �rst example of a splicing language is L = a+, generated by the

system (A; I; S) = (fag; faag; f(a; 1 ; a; 1)g). It is easy to see that any free monoid

over a �nite set of generators is a splicing language. It is well known that not every

regular language is a splicing language. The most commonly cited example is L =

(aa)�, �rst mentioned by Gatterdam in [6]. The proof follows from the fact that the

only rules which are useful in L must have sites in a�. However, none of these rules

respect L, so L is not a splicing language.

Our �rst examples bring to light a question about constants and splicing languages.

Notice that every word in the splicing language L = a� is constant in L. In L =

(aa)�, no words are constant. It is natural to ask if splicing languages contain only
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constant words. We know that there are splicing languages containing words which

are not constant, and there are non-splicing languages in which every word is constant.

Consider the following:

L = b(aa)� [ (aa)� is a splicing language, by Corollary 2.24, but no word in (aa)�

is constant in L. L = a�ba�ba� is not a splicing language, as we shall see in Chapter 4,

and every word in L is constant in L.

So far, all of our examples of splicing languages have constant words. Hence we

conjecture the following:

Conjecture 2.27. If L is a non-empty splicing language, then L contains a constant

word.

If L is �nite, then L has a constant word { take for instance a longest word in L.

In fact, for an in�nite splicing language L, we conjecture:

Conjecture 2.28. If L is an in�nite splicing language, then L has an in�nite set of

constant factors.
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Chapter 3

Rules

In this chapter, we shall present some interesting results about regular languages, and

their respecting rule sets. Given a language L � A�, we can consider the set R(L) of

all splicing rules which respect L as a subset of A�#A�$A�#A�, using the notation

of Paun. It turns out that the syntactic monoid of a language is a useful tool when

one wishes to to investigate R(L). In this �rst part of this chapter we will show that

rules which respect a given language also respect, in a sense, the syntactic monoid of

that language. We will then show that R(L) for a regular language L is regular. We

shall also show by example that there are non-regular languages which have regular

respecting rule sets.

1 Respecting Rule Sets

Recall the de�nition of respecting rule: A rule r respects L if L is closed under splicing

via r. Let R(L) denote the set of all rules which respect L, � denote the natural map

from A� into SynL,and �L denote the syntactic congruence on A�, as usual.

We have �rst a lemma about rules and syntactic monoids:

Lemma 3.1. Let L � A�. Let r = u1#u2$u3#u4 2 R(L). Let �u1; �u2; �u3; �u4 2 A� be

such that �ui �L ui, 1 � i � 4. Then �r = �u1# �u2$ �u3# �u4 2 R(L).

Proof. Let z = x �u1 �u2y and z0 = x0 �u3 �u4y
0 be words in L. We wish to show that the

splicing product x �u1 �u4y
0 is in L. Since �u1 �u2 �L u1u2, x �u1 �u2y 2 L implies xu1u2y 2 L.
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Similarly, x0 �u3 �u4y
0 2 L implies x0u3u4y

0 2 L. Since r = u1#u2$u3#u4 2 R(L), the

splicing product xu1u4y
0 2 L. Now u1u4 �L �u1 �u4 implies x �u1 �u4y

0 2 L, as desired.

Now we can prove the main theorem of this chapter for regular languages:

Theorem 3.2. Let L be a regular language. Then R(L) is regular.

Proof. Let L � A� be a regular language. Let m = Card(SynL). Let us denote

the syntactic classes in A� of SynL as Ui,i 2 f1; : : : ; mg. Notice that, for each Ui,

1 � i � m, we may choose a representative ui in A� such thatUi = ��1(�(ui)). By

Lemma 2.2, the Ui are regular. For each quadruple (ui; uj; uk; ul), 1 � i; j; k; l � m, if

ui#uj$uk#ul 2 R(L), then by Lemma 3.1 the entire set fUi#Uj$Uk#Ulg � R(L). So

R(L) =
S
fUi#Uj$Uk#Ulg, where the union runs over the �nite set of all quadruples

(Ui; Uj; Uk; Ul) for which the rule r = ui#uj$uk#ul 2 R(L). Thus R(L) is regular.

Because some of the rules in R(L) may not be useful, we de�ne the set of all useful

and respectful rules for L as follows:

Rfac(L) = fu#v$u0#v0 2 R(L) j uv; u0v0 2 FacLg:

Now we have the natural question: If L is regular, is Rfac(L) regular? The answer is

found in a simple corollary to Theorem 3.2.

Corollary 3.3. If L is regular, then Rfac(L) is regular.

Proof. Again, let � be the map from A� into SynL, m = Card(SynL), and let ui

be a representative of the class Ui � A� for 1 � i � m. Consider every quadruple

(Ui; Uj; Uk; Ul) for which the rule r = ui#uj$uk#ul 2 R(L), 1 � i; j; k; l � m. We

wish to select only those quadruples for which uiuj and ukul are in FacL. By the

syntactic congruence, if ui 2 FacL,then Ui � FacL. So in fact, we have:

Rfac(L) =
[
fUi#Uj$Uk#Ul j uiuj; ukul 2 FacL and

ui#uj$uk#ul 2 R(L)g; 1 � i; j; k; l � m:

We naturally ask: If R(L) is regular, is L regular? The answer in no, which we will

demonstrate by a counterexample.
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2 A Counterexample

We denote the set Ufac(L) of all useful rules in L as follows:

Ufac(L) = fu#v$u0#v0 j uv; u0v0 2 FacLg:

Notice that useful rules in L are not necessarily respecting rules in L. We de�ne the

set N(L) of useless rules for L also:

N(L) = A�#A�$A�#A� n Ufac(L)

Now we have the following note:

Note 3.4. R(L) = N(L)
S
Rfac(L).

Proof. The note is clear when one notices that useless rules respect L in a vacuous

sense.

Let a 2 A and x 2 A�. We shall use the following notation:

jxja = the number of occurrences of the symbol a in x.

We now have the following proposition:

Proposition 3.5. There exists a non-regular language L for which R(L) is regular.

Proof. Consider the non-regular language L = fanbn j n � 0g. We have �rst a claim:

Claim 3.6. The set Rfac(L) of useful rules which respect L is empty.

Proof. Consider any rule r = u#v$u0#v0 which might be in Rfac(L). The sites uv

and u0v0 must appear as factors of words in L, since r is useful. So the sites in r have

the form aibj where 0 � i; j. Since r respects L, uv0 is also a factor appearing in L,

and must also have the form ambn for some m; n � 0.

case i : If u = ai and v0 = akbj, then v = asbt and u0 = al for some integers s; t and

l. There are words z = xuvy = xaiasbty and z0 = x0u0v0y0 = x0alakbjy0 in L such

that jxja > j+ jy0jb. Thus the splicing product xa
i+kbjy0 of z and z0 via r is not

in L.
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case ii: If u = aibj for j > 0, then v0 = bk, since r is useful and respects L. So

v = bl and u0 = asbt for some integers l; s and t. Here we can �nd z = xaibjbly

and z0 = x0asbtbky0 in L such that jxja + i > j + k + jy0jb. Thus the splicing

product xaibjbky0 of z and z0 via r is not in L.

Let us de�ne the set Sfac(L) � A�#A� of useful rule sites in Las follows:

Sfac(L) = fu#v j uv 2 FacLg:

Now let h be the erasing homomorphism de�ned from (A[f#g)� into A� by the rule

h(a) = a for a 2 A and h(#) = 1. Notice then the set Sfac(L) of useful rule sites of

L can be described as:

Sfac(L) = A�#A� \ h�1(FacL):

Since FacL = a�b� is regular, we see that Sfac(L) is regular. We have also that the

set Ufac(L) of useful rules for L can be written in the form:

Ufac(L) = Sfac(L)$Sfac(L)

Since Sfac(L) is regular, we see that Ufac(L) is regular. Now we recall that N(L) =

A�#A�$A�#A�nUfac(L), and we have immediately that N(L) is regular. Further, by

Claim 3.6, Rfac(L) is empty, hence regular. So R(L) = N(L) [ Rfac(L)is regular.

3 Constants and Re
exive Respecting Rules

Let L � A�. Recall C(L) denotes the set of constants of L, and Cfac(L) denotes

the set of constant factors of L. In the following note, we shall demonstrate that the

property of being a constant of L in some sense respects SynL.

Note 3.7. Let L � A�, and let c 2 C(L). If c0 �L c, then c0 2 C(L) as well.

Proof. Let c 2 C(L), and c0 2 A� be such that c0 �L c. Consider xc0y and x0c0y0

in L, for some x; y 2 A�. Since c0 �L c, we see that xcy and x0cy0 are also in L.

Now c 2 C(L) implies xcy0 2 L. Again, since c �L c0, we see xc0y0 2 L. So we see

c0 2 C(L).

20



Lemma 3.8. Let L � A� be a regular language. Then C(L) is regular.

Proof. By Note 3.7, C(L) can be written as the union of classes in SynL. So C(L)

is regular by Theorem 2.2.

Recall that a re
exive rule r for L is a rule having sites which are constants of L. We

de�ne the set Rrefl(L) of re
exive respecting rules for L as follows:

Rrefl(L) = fu#v$u0#v0 2 R(L) j uv; u0v0 2 C(L)g:

In other words, Rrefl(L) is the set of rules in R(L) which are re
exive rules for L.

We have the following proposition, which is basically a corollary of Theorem 3.2:

Proposition 3.9. Let L � A� be a regular language. Then Rrefl(L) is regular.

Proof. Let us de�ne the set Srefl(L) � A�#A� of re
exive rule sites of L as follows:

Srefl(L) = fu#v 2 A� j uv 2 C(L)g:

Let h be the erasing homomorphism from(A [ f#g)� into A�de�ned as before: h(a) =

a for a 2 A and h(#) = 1. We may rewrite Srefl(L) as follows:

(?) Srefl(L) = A�#A� \ h�1(C(L))

We may now write Rrefl(L) as follows:

Rrefl(L) = fSrefl(L) $ Srefl(L)g \ R(L)

By Lemma 3.8, we know that C(L) is regular. So we have that Srefl(L) is regular,

by Equation ?. We know by Theorem 3.2 that R(L) is regular. Hence Rrefl(L) is

regular.
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Chapter 4

Re
exive Splicing Languages

In this chapter, we shall focus on the re
exive splicing languages. In the �rst section

of this chapter we present a new constructive proof of Theorem 4.6 which uses the

concept of the syntactic monoid. In Section 3, we give a characterization of re
exive

splicing languages in terms of one iteration of splicing in a re
exive system. This

characterization uses the construction given in the new proof of Theorem 4.6. In the

last section of this chapter, we shall show by example that not every splicing language

in H(FIN; FIN) is necessarily a re
exive splicing language.

First, some de�nitions and other preliminaries:

1 Preliminaries

Recall that, given a language L � A�, and a rule r, we de�ne r(L) to be the set of

all words which can be obtained by exactly one iteration of splicing in L via r:

r(L) = fw 2 A�j9x; y 2 L such that (x; y)`rwg:

Also, if � = (A; S), we de�ne �(L):

�(L) =
[
r2S

r(L)

Recall also the following de�nitions:
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De�nition 4.1. Given a rule set S, we say S is re
exive if (u; v ; u0; v0) 2 S implies

that (u; v ; u; v) and (u0; v0 ; u0; v0) are also in S. If � = (A; S), and S is re
exive,

we say � is a re
exive splicing scheme.

Given I � A� and a re
exive splicing scheme � = (A; S), we say that (A; I; S) is

a re
exive splicing system. A language is a re
exive splicing language if there is a

re
exive splicing system (A; I; S) such that L = ��(I) for � = (A; S).

De�nition 4.2. Given a language L � A� and a splicing rule r, we say r respects L

if r(L) � L.

Given L � A�, recall that R(L) denotes the set of all rules which respect L. Recall

also that the set C(L) denotes the set of constants of L.

Lemma 4.3. Let L � A�, and let �L denote the syntactic congruence of L on A�.

Let x; y; c 2 A�. If x �L y, and c 2 C(L), then the rules r = (cx; 1 ; cy; 1) and

r0 = (1; xc ; 1; yc) are in R(L).

Proof. Let �cx� and ��cy �� be words in L. A splice via r produces the following:

(�cx�; ��cy ��)`r�cx��:

We wish to verify that this splicing product is in L. Since �cx� and ��cy �� are in L,

and c is constant, �cy �� is in L. Since x �L y, �cx�� is in L. A symmetric argument

shows that a word resulting from a splice of words in L via r0 is also in L.

It is convenient for proofs to note the following [Pixton]:

Note 4.4. Let I; L � A� and let � = (A; S) be a splicing scheme. The statement

��(I) � L is true if the following conditions hold:

(i) I � L

(ii) �(L) � L

Note that condition (ii) is equivalent to ��(L) � L, or simply the condition that

L is closed under splicing via rules in S.

Finally, we include a statement of the famous Pigeon Hole Principle:
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Lemma 4.5. (Pigeon Hole Principle)

Let S be a �nite collection of m pairwise disjoint sets, where m � 0. Let Y be a set

such that Y �
S

X2S X. Let q � 0. If Card(Y ) � m(q � 1) + 1, then there exists a

set X 2 S which contains at least q elements from Y .

Proof. The proof is left to the reader.

2 Head's Theorem - A Proof

We o�er a di�erent proof of Theorem 4.6, originally due to Head [8].

Theorem 4.6. Let L � A� be a regular langauge. L is a splicing language generated

by a re
exive splicing system in H(FIN; FIN) in which each rule is either of the

form (u; 1 ; v; 1) or of the form (1; u ; 1; v) if and only if there exists a �nite set F

of constant factors in L such that L n A�FA� is �nite.

Proof. Let L = L(A; I; S), where I and S are �nite, S is re
exive, and each rule in S

is either of the form (u; 1 ; v; 1) or of the form (1; u ; 1; v). Let

U = fu 2 A� ju is a site in Sg:

Note U is �nite since S is �nite, and U � C(L) since S is re
exive. Any word in Ln I

is obtained by splicing in L, and must contain a site u 2 U as a factor. Since I is

�nite, L n A�UA� is �nite.

Let L � A� be a regular language for which there exists a �nite subset F � C(L)

such that LnA�FA� is �nite. Let SynL denote the syntactic monoid of L, and �L the

syntactic congruence, as usual. Since L is regular, Card(SynL) is �nite (Theorem 2.1).

Let

M = Card(SynL);

N = 2M + 1;

m1 = maxfjxj j x 2 Fg;

m2 = maxfjwj j w 2 L n A�FA�g;

K = maxfm1; m2g:

24



We have the following lemma, using the integers just de�ned:

Lemma 4.7. Let x = a1 a2 : : : aN 2 A�. Then there exist integers i; j; k, such that

1 � i < j < k � N and for which the following holds:

ai : : : aN �L aj : : : aN �L ak : : : aN

Proof. Since Card(SynL) =M , and N = 2M +1, the Pigeon Hole Principle dictates

that such i; j and k exist.

We construct the splicing scheme � = (A; S) as follows:

For each c 2 F , de�ne the following sets of rules:

S1
c = f(1; xc ; 1; yc) j x; y 2 A�; jxj; jyj � N; and x �L yg

S2
c = f(cx; 1 ; cy; 1) j x; y 2 A�; jxj; jyj � N; and x �L yg

Let

I = fw 2 L j jwj < K + 2Ng;

S =
[
c2F

S1
c [
[
c2F

S2
c; and

� = (A; I; S):

First, notice that every site in S is constant in L (Lemma 2.13). Since x �L x for

all x 2 A�, the set S is a re
exive set of rules. Since jcj is bounded above by K,

and jxj; jyj are bounded above by N , we see that S is �nite as well. Clearly, I is also

�nite. We need only prove the claim below:

Claim 4.8. L = ��(I).

Proof. (��(I) � L): We use the logic of Note 4.4. If w 2 I, then w 2 L by the

de�nition of I. By Lemma 4.3, S � R(L). Thus S(L) � L, and ��(I) � L.

(L � ��(I)): Assume otherwise. Let w be a shortest word in L n ��(I). Since

w =2 I, jwj � K + 2N . Since jwj � K, w =2 L n A�FA�. So w = w1cw2 for some

c 2 F and w1; w2 2 A�. Further, since jwj � K + 2N , and jcj � K, we see that at

least one of w1 or w2 has length greater than N . Let us say that jw1j = �N > N . So
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w1 = �a1 : : : aN , where j�j = �N �N . By Lemma 4.7, there are integers i; j; k where

1 � i < j < k � N and such that the following holds:

ai : : : aN �L aj : : : aN �L ak : : : aN

We de�ne rule r:

r = (1; ak : : : aNc ; 1; aj : : : ak : : : aNc)

By the construction of S, we see that the rule r is in S.

Since w = �a1 : : : ai : : : aj : : : ak : : : aNcw2 2 L, we have

(aj : : : aN ) �L (ak : : : aN ) =) (�a1 : : : ai : : : aj�1)(ak : : : aN )cw2 2 L and

(ai : : : aN ) �L (aj : : : aN ) =) (�a1 : : : ai�1)(aj : : : ak : : : aN )cw2 2 L:

Further, both of these words are shorter than w = w1cw2, since i < j < k. So these

words are in ��(I), and we may splice them via r as follows:

( (�a1 : : : ai : : : aj�1)ak : : : aNcw2; a1 : : : ai�1(aj : : : ak : : : aNcw2) )`r

�a1 : : : ai : : : aj�1aj : : : ak : : : aNcw2 = w1cw2

Thus, w = w1cw2 is in �
�(I), contradicting our assumption that it is not. A symmetric

proof works for the case in which jw2j > N . We therefore conclude that L � ��(I).

3 A Characterization

We have the following characterization of re
exive splicing languages:

Theorem 4.9. Let L be a regular language. Then L is a re
exive splicing language

if and only if there exists a �nite, re
exive splicing scheme � such that �(L) � L and

L n �(L) is �nite.

Proof. Let L be a re
exive splicing language. Then there exists a re
exive splicing

scheme � = (A; S) and a �nite subset I of A� such thatL = ��(I). Since L is closed
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under splicing via the rules of �, �(L) � L. Any word in L which is not obtained by

splicing two words in L must be in the inital set I, which is �nite. In other words,

(L n �(L)) � I is �nite.

Now let us assume that L has the property that there exists a �nite, re
exive

splicing scheme � = (A; S) such that �(L) � L and L n �(L) is �nite. Consider the

rule set S of �. Let F be the set of sites appearing in S, i.e.,

F = fuv 2 A� j 9(u; v ; u0; v0) or (u0; v0 ; u; v) in Sg:

Let L0 = L \ A�FA�, i.e.,

L0 = fw 2 L j w = xuvy for some uv 2 Fg:

Claim 4.10. Every site uv in F is constant in L0.

Proof. Let xuvy and x0uvy0 be words in L0 � L. Since S is re
exive, the rule

r = (u; v ; u; v) 2 S. So (xuvy; x0uvy0)`r xuvy0, and xuvy0 2 �(L). Since we have

assumed �(L) � L, we see that xuvy0 2 (L\A�uvA�) � (L\A�FA�) = L0. A similar

argument shows that x0uvy 2 L0 also.

We may apply Theorem 4.6 to L0, since F is a �nite set of constants in L0 such

that L0 nA�FA� is empty, thus �nite. The theorem says there exists a �nite re
exive

splicing system (A; I 0; S 0), such that L0 = L(A; I 0; S 0). From our proof of Theorem 4.6

we may assume that each site in S 0 contains a factor from F . We construct the splicing

system �� as follows: Let

�I = I 0 [ (L n �(L));

�S = S [ S 0;

�� = (A; �S):

Note that �I is �nite. Also note �S is both �nite and re
exive, since S 0 and S are both

�nite and re
exive.

Claim 4.11. L = ���(�I).
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Proof. (L � ���(�I)): Say w 2 L. Either w is in �(L), or not. If w =2 �(L), then

w 2 L n �(L) � �I � ���(�I). If w 2 �(L) there exist x; y 2 L and r 2 S such

that (x; y)`rw. Since x and y both have sites from S, they are both in L0. Now

L0 = L(A; I 0; S 0) � L(A; �I; �S), since I 0 � �I and S 0 � �S. So x; y 2 ���(�I), and ���(�I) is

closed under splicing via the rules in S. In particular, (x; y)`rw 2 ���(�I).

(���(�I) � L): We use the logic of Note 4.4. Let w 2 �I. Either w 2 I 0 or

w 2 L n �(L). Since I 0 � L0 � L and L n �(L) � L, w 2 L in either case. Now

say w 2 ��(L). There exist x; y 2 L and r 2 �S such that (x; y)`rw. If r 2 S, then

w 2 �(L) � L. If r 2 S 0, then both x and y must contain sites from S 0. So x and y

must both lie in L \ A�FA� = L0. Since L0 is closed under splicing via the rules in

S 0, we have w 2 L0 � L.

4 A Non-Re
exive Splicing Language

Recall L is in H(FIN; FIN) if and only if L can be generated by a splicing system

(A; I; S) in which I and S are �nite. We shall use the following notation for the set

of re
exive splicing languages in H(FIN; FIN):

Href(FIN; FIN) = fL(A; I; S) j I; S are �nite, and S is re
exiveg:

It is clear from the de�nitions that Href(FIN; FIN) � H(FIN; FIN). In fact, the

next theorem shows that this containment is proper.

Theorem 4.12. H(FIN; FIN) 6= Href(FIN; FIN).

Proof. We shall show that L = a�ba�ba� [ a�ba� [ a� is a splicing language, and that

it cannot be generated by a re
exive splicing system.

Claim 4.13. The language L = a�ba�ba� [ a�ba� [ a� is a splicing language.

Proof. It is helpful to note that L is the set of all words over A = fa; bg which

contain at most two occurrences of the symbol b. We construct the splicing system �
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as follows: Let

I = (1 + a+ aa)b(1 + a)b(1 + a + aa);

S = f(ba; b ; b; a); (a; bb ; 1; a); (a; 1 ; bb; a); (1; bb ; b; 1)g; and

� = (A; I; S):

We shall show that L = ��(I).

(��(I) � L): Clearly I � L. To demonstrate that �(L) � L, we must show that

each of the four rules in S respects L.

(ba; b ; b; a): Take xbaby and x0bay0 inL, which can be spliced via (ba; b ; b; a). Note

jxjb = 0 and jy0jb � 1. The result of splicing is the word xbaay0, which is in L

because it contains at most two b's.

(a; bb ; 1; a): In this case we take xabby and x0ay0 in L. Note that jxjb = 0 and

jy0jb � 2. Splicing via (a; bb ; 1; a) yields xaay0, which contains at most two b's,

and is therefore in L.

(a; 1 ; bb; a): Here take xay and x0bbay0 in L, noting that jxjb � 2 and jy0jb = 0. The

splicing result xaay0 contains at most two b's, and is in L.

(1; bb ; b; 1): Take xbby and x0by0 in L, noting that jxjb = 0 and jyjb � 1. The splicing

product is xy0, which contains at most one b, and is therefore in L.

(L � ��(I)): First we shall show that a�ba�ba� � ��(I). This we shall do in two

steps. In Step 1 we show that L1 = (1+a+aa)ba�b(1+a+aa) is contained in ��(I).

In Step 2 we show that arbitrarily long sequences of a's can be spliced onto the ends

of the words in L1, producing a
�ba�ba� � ��(I). Then we show that a�ba� [ a� � L.

This third and last step involves using a rule to cut o� either one or two b's from

words in a�ba�ba�, generating all of L in the process.

Step 1 : Note that for x; y 2 f1; a; aag, the words xbby and xbaby are in I � ��(I).

For the induction step, we take xbaiby 2 ��(I); i > 0, and splice via r1 =

(ba; b ; b; a) as follows:

(xbaby; xbaiby)`r1 xbaa
iby = xbai+1by:
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Thus we have L1 = (1 + a + aa)ba�b(1 + a+ aa) � ��(I).

Step 2 : We shall show that a�ba�ba� � ��(I). Let m � 0. We already have

xbamby in ��(I) for x; y 2 f1; a; aag. Take abb and aibamby; i � 1 and splice

via r2 = (a; bb ; 1; a), yielding

(abb; aibamby)`r2 a
i+1bamby:

This induction shows that a�bamb(1+ a+ aa) � ��(I). Since m is arbitrary, we

have a�ba�b(1 + a + aa) � ��(I). Now take bba, and anbambai, where n;m �

0 and i � 1, and splice with the rule r3 = (a; 1 ; bb; a):

(anbmbai; bba)`r3 a
nbambai+1

Since n and m were arbitrary, we see a�ba�ba� � ��(I).

Step 3 : Let n;m � 0. Splice bb and banbam using r4 = (1; bb ; b; 1):

(bb; banbam)`r3 a
nbam:

Using the same words and the same rule, we can also cut o� both b's in banbam,

obtaining am 2 ��(I). Thus we see a�ba� [ a� � ��(I).

Claim 4.14. L = a�ba�ba� [ a�ba� [ a� cannot be generated by a re
exive splicing

system.

Proof. Assume otherwise. Let (A; I; S) be a re
exive splicing system which generates

L. Recall that the sites in S are constants of L (Lemma 2.14). We may discard any

rules in S which are not useful, it i.e. which have sites which are not factors in L.

One can easily verify that a factor of L is a constant of L if and only if it contains

two b's, i.e., Cfac(L) = a�ba�ba� is the set of all constants of L which are factors in

L. Thus, a rule is in S only if both of its sites are in Cfac(L).
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Let T be the set of sites in S. Since T � a�ba�ba�, every word in T can be written

as aibajbak for some i; j; k � 0. Let

K = maxf j j 9 aibajbak 2 Tg and

M = 2K + 1:

De�ne

QS = fa�batba�j t �Mg:

We shall show that there is no rule in S which can be used to generate any word in

the set QS from words in L. Since QS is an in�nite subset of L, we will thus prove

that, regardless of choice of �nite I, the re
exive system (A; I; S) can not possibly

generate L. We exhaustively examine the types of rule which have sites in C(L):

(i) Rules of type (aibajbak; al ; ambanbap; aq): This rule type generates words of

the form xaibajbak+qy0 from words xaibajbak+ly and x0ambanbap+qy0 in L. No-

tice that in any such product string, there are exactly j a's between the two

occurrences of the symbol b. Since such j is bounded above by K, w =2 QS.

(ii) Rules of type (aibaj; akbal ; ambanbap; aq): This rule type generates words of

the form xaibaj+qy0 from words xaibaj+kbaly and x0ambanbap+qy0 in L. Since

jxjb = 0 and jy0jb = 0, such splicing products are not in a�ba�ba�.

(iii) Rules of type (ai; ajbakbal ; ambanbap; aq): This rule type generates words of

the form xai+qy0, where again, jxjb = 0 and jy0jb = 0. Such products are not in

a�ba�ba�.

(iv) Rules of type (aibajbak; al ; amban; apbaq): This type of rule generates splicing

products with three b's. Such products are not in a�ba�ba�.

(v) Rules of type (aibajbak; al ; am; anbapbaq): This rule type generates words with

four b's. As in the previous case, such products are not in a�ba�ba�.

(vi) Rules of type (aibaj; akbal ; amban; apbaq): Given xaibaj+kbaly and x0amban+pbaqy0

from L, a splice with this type of rule yields a product of the form w =

xaibaj+pbaqy0 which is in a�ba�ba�. Since j + p � 2K < M , we see w =2 QS.
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The remaining rule forms are symmetric to those presented here, and their discus-

sion yields similar results through symmetric arguments. From the analysis above,

the only rules which can be in S are of Type (i) or Type (vi), or types symmetric to

these. Such rules do not produce any of the words in QS. Thus L cannot be generated

by a re
exive splicing system.

By Claim 4.13, L is a splicing language in H(FIN; FIN), and by Claim 4.14, L is

not a re
exive splicing language. Hence we have H(FIN; FIN) 6= Href(FIN; FIN).
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Chapter 5

Main Results

In this chapter, we shall present the Simultaneous Pumping Theorem [20], which is a

generalization of the standard pumping lemma for regular languages [10]. This will

be the tool with which we craft the main theorem of this chapter. In Theorem 5.15,

we answer the question posed by Head in [8]. As we shall see, there does exist an

algorithm which takes a regular language L as input, and returns as ouput the answer

to the question: Is there a �nite set F of constant factors of L such that all but �nitely

many words in L have a factor from F ?

1 Simultaneous Pumping Theorem

Lemma 5.1. [Pixton] Let M be a �nite monoid. There exists a positive integer N

with the following property: If n � N and u1; : : : ; un 2 M , then there exist q and q0,

1 � q < q0 � n, so that if x = u1 : : : uq�1, y = uq : : : uq0�1 and z = uq0 : : : un, then

xy = x and yz = z.

Proof. Let M be a �nite monoid. Let K = Card(M). Let N = K2 + 1. Let n � N ,

and let w be a product of n elements in M , i.e., w = u1u2 : : : un. We de�ne the

following pre�x factors of w which are products in M :

pj = u1 : : : uj ; 1 � j � n:
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Claim 5.2. There exist K + 1 di�erent subscripts j(1) < � � � < j(K + 1) so that

pj(1) = pj(2) = � � � = pj(K+1):

Proof. Note n � N = K2 + 1 = K((K + 1) � 1) + 1, so we may apply the Pigeon

Hole Principal to the various pj in M , 1 � j � n. Thus, for some x 2M , x = pj(1) =

pj(2) � � � = pj(K+1).

Let us de�ne the integer j(0) = 0, and de�ne the empty pre�x pj(0) = 1. For each

pj(i), 1 � i � K + 1 we de�ne the suÆx sequence �i of pj(i) as follows:

�i = uj(i�1)+1 : : : uj(i) :

Hence

pj(i) = pj(i�1)�i :

Notice that, for i = 1, we have uj(i�1)+1 = uj(0)+1 = u0+1 = u1, so the de�nition of

�1 = u1 : : : uj(1) makes sense. We can now parse w = u1u2 : : : un as follows:

w = (u1 : : : uj(1))(uj(1)+1 : : : uj(2)) : : : (uj(K)+1 : : : uj(K+1))�;

where � is the suÆx uj(K+1)+1 : : : un of w. From the de�nition of the �i, we see that

w can also be parsed as:

w = �1�2 : : : �K+1�:

Now we de�ne the products si for 1 � i � K + 2:

si =

8><
>:
�i : : : �K+1� for 1 � i � K + 1

� for i = K + 2:

We have another claim:

Claim 5.3. There exist integers l and k such that 2 � l < k � K + 2 and such that

sl = sk.

Proof. There are K + 1 of the si, since i ranges from 2 to K + 2. The Pigeon Hole

Principle dictates that at least two of the si are actually the same element in M .
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Now we are prepared to �nish the proof of our original lemma. Let q = j(l � 1) + 1

and q0 = j(k � 1) + 1. Then, if

x = u1 : : : uq�1

y = uq : : : uq0�1 and

z = uq0 : : : un

we may write

x = u1u2 : : : uj(l�1) = �1 : : : �l�1

y = uj(l�1)+1 : : : uj(k�1) = �l : : : �k�1 and

z = uj(k�1)+1 : : : un = �k : : : �K+1�:

We intend by this notation to indicate that if k = K + 2, then z = �. By Claim 5.2

we see

xy = �1 : : : �k�1

= pj(k�1)

= pj(l�1)

= �1 : : : �l�1

= x

By Claim 5.3 we have

yz = �l : : : �K+1�

= sl

= sk

= �k : : : �K+1�

= z

Lemma 5.4. (Two-Sided Pumping Lemma for Regular Languages)

[Pixton] Let L � A� be a regular language. Then there exists N such that if w 2 A�
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and jwj � N then w = xyz, x; y; z 2 A�, y 6= 1, and 8k � 0 and �; � 2 A�, the

following hold:

�x� 2 L() �xyk� 2 L and

�z� 2 L() �ykz� 2 L:

Proof. First note that SynL is �nite, since L is regular ( 2.1). Let N be the integer

described by Lemma 5.1 for SynL. Let � be the natural map from A� into SynL. Let

n � N , and let w 2 A� be such that jwj = n. We may write w as w = a1 : : : an, where

ai 2 A, 1 � i � n. Note �(w) = �(a1) : : : �(an) in SynL. By Lemma 5.1, there exist

integers j and k such that 1 � j < k � n and such that the product �(a1) : : : �(an)

can be factored as

�x = �(a1) : : : �(aj�1)

�y = �(aj) : : : �(ak�1) and

�z = �(ak) : : : �(an)

where �x�y = �x and �y�z = �z. So, letting x = a1 : : : aj�1, y = aj : : : ak�1, and z = ak : : : an,

we see w can be factored as w = xyz where y 6= 1. Further, xyk �L x and ykz �L z

for all k � 0. The conclusion now follows immediately from the de�nition of the

syntactic congruence �L.

Theorem 5.5. (Simultaneous Pumping Theorem)

[Pixton] Let F be a �nite set of regular languages. There exists a positive integer

N such that if w 2 A� and jwj � N , then w can be factored as w = xyz where

x; y; z 2 A�, y 6= 1, such that the following holds: For all L 2 F and for all k � 0

(1) �x� 2 L() �xyk� 2 L and

(2) �z� 2 L() �ykz� 2 L:

Proof. Let F = fL1; : : : ; Lpg be a �nite set of regular languages. For each Li 2 F ,

1 � i � p, let Mi = SynLi and let �i : A
� ! A�= �Li

be the natural map from A�

into Mi. Let M = M1 � � � � �Mp. Let � = (�1; : : : ; �p) be the product map from

(A�)p into M . Let N be the integer de�ned for M by Lemma 5.1. Let w 2 A� be
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such that jwj � N . So w = a1 : : : an for some n � N . Let [aj]i denote the image of

aj under �i for 1 � j � n and 1 � i � p. Consider the element �w = �(w) in M :

�w = �(w) = ([w]1; : : : ; [w]p)

= ([a1 : : : an]1; : : : ; [a1 : : : an]p)

= ([a1]1; : : : ; [a1]p) : : : ([an]1; : : : ; [an]p):

Since �w can be seen as the product of n elements in M , we may apply Lemma 5.1 to

�w as follows: There exist j; k with 1 � j < k � n such that the products

�x = ([a1]1; : : : ; [a1]p) : : : ([aj�1]1; : : : ; [aj�1]p);

�y = ([aj]1; : : : ; [aj]p) : : : ([ak�1]1; : : : ; [ak�1]p); and

�z = ([ak]1; : : : ; [ak]p) : : : ([an]1; : : : ; [an]p)

have the property that

�x�y = �x and �y�z = �z:

Thus, we factor w 2 A� as w = xyz, where x = a1 : : : aj�1, y = aj : : : ak�1, and

z = ak : : : an. The following equations hold:

�(x)�(y) = �x�y = �x = �(x) and

�(y)�(z) = �y�z = �z = �(z):

Since �(x) = �(xy), �(x) must agree in its every coordinate with �(xy). Thus, for

1 � i � p, �i(x) = �i(xy) and we have x �Li
xy. Similarly, we have yz �Li

z. By the

de�nition of the syntactic congruences �Li
, we have the desired conclusion for each

Li 2 F .

2 Main Result and Algorithm

In this section we shall show that, given a regular language L � A�, there is a

computable bound on the length of the constant factors in L which must be considered

in order to determine if there is a �nite set F of constant factors in L such that
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L nA�FA� is �nite. Head asked in [8] if such an algorithm exists. Our result answers

in the aÆrmative. We begin with several de�nitions:

Let L � A�. For k � 0, we de�ne the following set:

Lk = fw 2 L j jwj � kg:

De�nition 5.6. Let L � A� and w 2 A�. A string x 2 A� is called an L-factor of

w if x is a factor of w and x is also a word in L. The set of all L-factors of w is

simply Facw \ L.

We de�ne a prime language as follows:

De�nition 5.7. Let L � A�. We say L is prime if L\ (A+LA�[A�LA+) is empty.

We need three lemmas:

Lemma 5.8. Let L and P be regular languages written over alphabet A. Say P is

prime. Let k be the integer de�ned by the Simultaneous Pumping Theorem for the set

F = fL; Pg. Let w 2 L \ (A�PA� n A�PkA
�), and let xcy be any factorization of w

such that c 2 P . Then there exists a factorization of w as w = xuzvy, z 6= 1 such

that for every j > k, the word w(j) = xuzj+1vy 2 L\A�PA�. Further, any P -factor

of w(j) which does not lie in xu or vy must be longer than j.

Proof. Let w 2 L\ (A�PA� nA�PkA
�). Then w = xcy for some x; y 2 A� and c 2 P .

Since jcj > k, there is a factorization c = uzv, z 6= 1, given by the Simultaneous

Pumping Theorem (Theorem 5.5), such that uziv 2 P and xuzivy 2 L \ A�PA� for

all i � 0. Let us de�ne w(j) = xuzj+1vy.

Let c0 be a P -factor of w(j) which is not a factorof xu or vy. We shall show that

jc0j > j. We may factor w(j) as w(j) = xuzj+1vy = x0c0y0, for some x0; y0 2 A�. We

examine the cases:

(i) First, c0 cannot be a proper factor of uzj+1v, because P is prime. For the same

reason, uzj+1v cannot be a proper factor of c0.

(ii) Say c0 = x2uz
nz1, where x = x1x2, z = z1z2, and n < j + 1. Note that c0 2 P ,

jc0j > k, and c0 contains u. Thus, Theorem 5.5 says x2uz
iznz1 2 P for all i � 0.
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But c0 is a proper pre�x factor of any such x2uz
iznz1 for i > 0. This contradicts

P prime, and therefore cannot occur. The symmetric case (c0 = z02z
n0

vy01 for

z = z01z
0
2 and y = y01y

0
2) cannot occur either, and the proof follows along the

same lines.

(iii) If c0 contains zj+1, then jc0j > j, as desired.

The above analysis treats all cases in which c0 is a P -factor of w(j), but not a factor

of xu or vy. Thus, we have that every P -factor of w(j) which is not a factor of xu or

vy is longer that j.

For the next lemma, we need a de�nition:

De�nition 5.9. Let L � A� and let w = a1a2 : : : am 2 A�. We de�ne the set of

indexed L-factors of w, denoted by k w kL, as follows:

k w kL = f(i; x) 2 N � L jw = uxv for u; v 2 A� such that juj = i� 1g:

In other words, (i; x) is an indexed L-factor of w if x 2 L and if w = a1 : : : ai�1xv

for some v 2 A� and a1; : : : ; ai�1 2 A. If (i; x) is an indexed L-factor of w, then

clearly x is an L-factor of w.

Note 5.10. Let P � A� be a prime set. Let w 2 A+ and say (i; x) and (i0; x0) are

elements in k w kP . If i = i0, then x = x0.

Proof. If i = i0 and x 6= x0, then either x = x0y or x0 = xy0 for some y; y0 6= 1. Either

case contradicts the fact that P is prime.

Lemma 5.11. Let L and P be regular languages written over alphabet A. Say P

is prime. Let k be the integer de�ned by the Simultaneous Pumping Theorem for

the set F = fL; Pg. Let j > k. If L \ (A�PjA
� n A�PkA

�) is not empty, then

L \ (A�PA� n A�PjA
�) is not empty.

Proof. First we make the following claim:

Claim 5.12. Given w 2 L \ (A�PjA
� n A�PkA

�), we can construct a word �w 2

L \ (A�PA� n A�PjA
�) such that

Card k �w kPj < Card k w kPj :
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Proof. Let w 2 L\ (A�PjA
� nA�PkA

�). Let us order the set k w kPj according to the

natural ordering on N . Let T (w) = f(n1; c1); : : : (nt; ct)g be that ordered set of pairs.

By Note 5.10, this ordering is well de�ned, and t is the cardinality of T (w).

It is apparent from T (w) that ct is the last Pj-factor appearing in w. So let us

parse w as w = xcty. By Lemma 5.8, there exists a word �w = xuzj+1vy 2 L\A�PA�

having the property that its every P -factor not lying in xu or vy is in P n Pj. We

shall show that �w satis�es Card k �w kPj < Card k w kPj .

Notice every Pj-factor of �w lies in xu, for if c0 were a Pj-factor of �w lying in vy,

then the pair (n0; c0) would appear in T (w). However, n0 would be larger than nt,

since c0 would appear in w after ct = uzv. This contradicts nt being the largest index

of any pair in T (w).

Since every Pj-factor of �w lies in xu, and xu is also a factor of w, we have that

every Pj-factor of �w is also a factor of w. Further, the Pj-factor ct from the pair

(nt; ct) in T (w) does not appear in k �w kPj , because ct 2 Pj and ct is not contained

in xu (Lemma 5.8). Thus Card k �w kPj < Card k w kPj .

Now we can prove our lemma. Let w 2 A�PjA
� n A�PkA

�. We apply the claim

above iteratively, generating after �nitely many applications a word w0 2 L\A�PA�

having no Pj-factors at all. It is thus apparent that L \ (A�PA� nA�PjA
�) 6= ;.

Lemma 5.13. Let L and P be regular languages written over alphabet A. Say P is

prime. Let k be the integer de�ned by the Simultaneous Pumping Theorem for the set

F = fL; Pg. Let j > k. If L \ (A�PA� n A�PjA
�) is not empty, then it is in�nite.

Proof. Let w 2 L \ (A�PA� n A�PjA
�). Then w = xcy for some c 2 P n Pj. Let

c = uzv be a factorization of c guaranteed by the Simultaneous Pumping Theorem.

Consider the in�nite set below:

S(xuzvy) = fxuzivy j i � j + 1g

By the Simultaneous Pumping Theorem, every word in S(xuzvy) is a word in L \

(A�PA�). By Lemma 5.8, every word in S(xuzvy) has only P -factors which appear

in w, or P -factors which are longer than j. Hence every word in S(xuzvy) is in

L \ (A�PA� n A�PjA
�).
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Theorem 5.14. Let L; P � A� be regular languages, with P being prime. Let k be

the integer de�ned by the Simultaneous Pumping Theorem for the set F = fL; Pg.

Then there exists a �nite set F � P such that L n A�FA� is �nite if and only if

L nA�PkA
� is �nite.

Proof. If L n A�PkA
� is �nite, then F = Pk, and we are done. So let us assume

L nA�PkA
� is in�nite. We wish to show that for any �nite F � P , the set L nA�FA�

is in�nite.

Let F � P be a �nite set. Then for some j 2 N , F � Pj, and L n A�PjA
� �

L nA�FA�. It is therefore suÆcient to show that L n A�PjA
� is in�nite.

If j � k then L n A�PkA
� � L n A�PjA

�, and we are done. Suppose j > k. If

L \ (A�PjA
� n A�PkA

�) is empty, then L n A�PjA
� = L n A�PkA

�, and we are done.

So assume L\ (A�PjA
� nA�PkA

�) is not empty. Then by Lemma 5.11, L\ (A�PA� n

A�PjA
�) is not empty. By Lemma 5.13, L \ (A�PA� n A�PjA

�) is in�nite. Thus

L nA�PjA
� is in�nite, and we are done.

Before stating the theorem which is basically a corollary to Theorem 5.14, we

shall mention the following de�nitions for a language L � A�: Recall the set C(L) of

constants of L is denoted by

C(L) = fw 2 A� jw is constant of Lg:

Let us denote the set of prime constants of L by

P (L) = C(L) n (A�C(L)A+ [ A+C(L)A�):

Notice that P (L) is a prime language, and it is regular since C(L) is regular (Lemma 3.8).

Finally, for k � 0, and L � A�, we denote the constants and prime constants of

L which have length bounded by k as follows:

Ck(L) = fw 2 C(L) j jwj � kg and

Pk(L) = Ck(L) \ P (L):

Theorem 5.15. Let L � A� be a regular language. Let k be the integer de�ned

by the Simultaneous Pumping Theorem for F = fL; P (L)g. Then the following are

equivalent:
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(i) There exists a re
exive splicing system (A; I; S) such that L = L(A; I; S) where

I and S are �nite, and each rule in S has either the form (uv; 1 ; u; 1) or the

form (1; u ; 1; vu).

(ii) There exists a �nite set F � C(L) such that L n A�FA� is �nite.

(iii) The set L n A�Pk(L)A
� is �nite.

Proof. By Head's Theorem 4.6, we have (i) , (ii). The implication (iii) ) (ii) is

immediate, since Pk(L) � C(L).

(ii) ) (iii): Say there exists a �nite subset F � C(L) such that L n A�FA� is

�nite. We claim there exists a �nite subset F 0 � P (L) such that L nA�F 0A� is �nite.

Notice that every constant c in C(L) contains a prime constant. For each c 2 F ,

write c = upcv, where pc 2 P (L) and u; v 2 A�. Let F 0 = fpc j c 2 Fg. Clearly

F 0 is a �nite subset of P (L). Since F � A�F 0A�, it follows that A�FA� � A�F 0A�.

Thus L n A�F 0A� � L n A�FA�, and L n A�F 0A� must be �nite. That (iii) follows is

immediate from Theorem 5.14.

In fact, what Theorem 5.15 says is that, given L � A�, if one wishes to determine

whether L is a re
exive splicing language of the type speci�ed in Theorem 4.6, there

is an upper bound on the j for which one must check whether L n A�PjA
� is �nite.

Since j and Pj can be algorithmically determined based on L, this result yields an

algorithm which answers Head's challenge.
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Chapter 6

Simple and Null Context Splicing

In this chapter we will review some results about splicing languages generated by

rules of special types. Speci�cally, we will be looking at systems having rule sets

which contain only rules whose sites are constant factors in the splicing language.

In [13], Mateescu, Paun, Rozenberg and Salomaa introduced a class of splicing

languages whose rules have constant symbols for sites. This class of languages, called

simple splicing languages, was one of the �rst subsets of H(FIN; FIN) to be exten-

sively treated in the literature.

Head treated a generalization of simple splicing systems in [7]. His generalization

situates the simple splicing languages as a subclass of a class of splicing languages

generated by rules having sites which are constants. Head proved that this class of

languages, known as the null context languages, are exactly the class of strictly locally

testable languages de�ned by McNaughton and Papert in [14]. He reformulated and

expanded upon his 1987 results in [9].

We begin with a de�nition of simple splicing systems due to Mateescu et.al.[13],

and a characterization of simple splicing languages.

De�nition 6.1. Let � = (A; I; S) be a splicing system in which all rules in S have

the form (a; 1 ; a; 1), where a 2 A. Then � is called a simple splicing system. A

splicing language L is said to be a simple splicing language if L can be generated

by a simple splicing system.
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1 A characterization

We have the following characterization of simple splicing languages:

Proposition 6.2. A language L � A� is a simple splicing language if and only if all

but �nitely many factors in L contain a symbol which is a constant of L.

Proof. Let L be a simple splicing language generated by (I; �), where � = (A; S)

and the rules in S have the form prescribed by the de�nition of Mateescu et.al. Let

A = fa 2 A j (a; 1 ; a; 1) 2 Sg. We make the following claim:

Claim 6.3. For all k � 0, Fac �k(I) \ (A n A)� = Fac�0(I) \ (A n A)�.

Proof. (By induction) The claim is clearly true for k = 0. Assume true for all i � k,

where k > 0.

Let w 2 �k+1(I) n �k(I). Then w is the product of splicing two words in �k(I).

Let z = xay and z0 = x0ay0 be words in �k(I), and r = (a; 1 ; a; 1) 2 S such that

(z; z0)`rw = xay0. We consider the factors of w. Since xa 2 Fac�k(I), all factors

of w contained in xa satisfy the induction hypothesis. Likewise, the factors of ay0

satisfy the hypothesis. Any other factor contained in w must be of the form x1ax2,

where x1 is a suÆx of x, and x2 is a pre�x of y0. Obviously, such a factor contains a,

and is not in FacL \ (A n A)�.

Since �0(I) is �nite, Fac �0(I) is �nite. Thus Fac I\(AnA)� is �nite. By Claim 6.3,

it is clear that all but �nitely many factors in L = ��(I) contain a constant symbol

from A.

Now say L � A� is a language having the property that all but �nitely many

factors in L contain a constant symbol of L. Let F be that set of factors of L which
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contain no constant symbols. We de�ne the following:

m = 1 +maxfjxj j x 2 Fg;

C = fc 2 A j c is constant in Lg;

n = Card(C);

K = (2n+ 1)m;

S = f(c; 1 ; c; 1) j c 2 Cg

I = fw 2 L j jwj < Kg;

� = (A; I; S):

Claim 6.4. L = ��(I).

Proof. First we show by contradiction that L � ��(I). Assume there is a word in

L which is not in ��(I). Let w be a shortest such word. Clearly, jwj � K. So

w contains 2n + 1 consecutive factors, each at least m symbols long and each thus

containing a constant symbol. Since there are only n constant symbols, there must

be some constant symbol, say c, which appears at least three times in w (Pigeon Hole

Principle). Take then a factorization of w as w = xcucvcy, where x; u; v; y 2 A�.

Notice that the words z = xcucy and z0 = xcvcy are in L since c is a constant symbol

of L. Since z and z0 are strictly shorter than w, they are in S�(I). Splicing z and z0

using (c; 1 ; c; 1) in S, we obtain w 2 ��(I), a contradiction.

Now we shall show ��(I) � L. It is clear that I � L. Take strings z = xcy

and z0 = x0cy0 in L, and a rule (c; 1 ; c; 1) in S, and consider the splicing product

w = xcy0. Since z and z0 are in L and c is a constant of L, we have w in L. So

�(L) � L.

This proof follows very much along the lines of proofs given by Head in [7] and

[9]. In fact, Head de�nes the class of simple splicing languages as a bottom level

class of an hierarchy whose union is the class of all null context splicing languages.

We have included the above proof because it is straightforward, and it identi�es very
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speci�cally the characteristic common to all simple splicing languages in terms of

factor sets. This should be of interest to those readers interested in local testability.

For the sake of completeness, we include now the de�nitions of null context splicing

systems and Sk splicing systems. For completeness, we also include Theorem 6.8, a

result due to Head [9].

De�nition 6.5. A null context splicing system (NCH system) is a system G =

(A; I; S), in which all rules have the form (u; 1 ; u; 1), where u 2 A�. A language L

is called a null context splicing language if there exists a null context splicing

system G for which L = L(G).

De�nition 6.6. An S�1H splicing system is an NCH system (A; I; S) in which

S is the empty set. For k � 0, an Sk splicing system (SkH system) is an NCH

system G = (A; I; S) for which each rule in S has sites no longer than k. A language

L is called an Sk splicing language (SkH language) if there exists an SkH system

G for which L = L(G). The family of Sk splicing languages is denoted by SkH.

Notice that the union of the families SkH for k � �1 is the class of NCH lan-

guages.

De�nition 6.7. ([14] modi�ed using [5]) A language L is strictly locally testable

(SLT) if there is a positive integer k for which every factor of L of length k is constant.

Theorem 6.8. The class of strictly locally testable languages is equal to the class of

null context languages.

Theorem 6.8 implies that a language L is a null context splicing language if and

only if all but �nitely many factors in L are constants of L. Put di�erently, L is an

NCH language if and only if all but �nitely many factors in L contain a constant

word. This result comes from the work of Head [9] and DeLuca and Restivo [5]. It

subsumes, of course, Proposition 6.2. We have included the proof Proposition 6.2

above in order to emphasize the connection between simple splicing languages and

constant factors.

Another sort of generalization of simple splicing systems can be considered. Rather

than demanding that all sites be constant words, we can consider splicing systems in
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which every rule has the form (a; 1 ; b; 1), where a and b are alphabet symbols. We

shall consider systems containing such rules in Chapter 7. The next level generaliza-

tion along this line is systems having rules of the form (u; 1 ; v; 1), where u; v 2 A+.

We shall treat systems of this type which have exactly one rule in Chapter 8.
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Chapter 7

Semi-Simple Languages

In this chapter we shall introduce a generalization of simple splicing systems, called

semi-simple splicing systems. In semi-simple systems, all sites are alphabet symbols.

We do not, however, require that each site be constant, as was the case in simple

splicing systems.

De�nition 7.1. Let (A; I; S) be a splicing system in which I and S are �nite and

every rule in S has the form (a; 1 ; b; 1), where a; b are in A. We say � = (A; S)

is a semi-simple splicing scheme and (A; I; S) is a semi-simple system. Any

language which can be generated by such a system is called a semi-simple language.

We shall show the following for semi-simple languages:

(i) There are semi-simple languages which are not simple.

(ii) There are null context languages which are not semi-simple.

(iii) Every semi-simple language is strictly locally testable.

1 Semi-simple 6 � Simple

Proposition 7.2. There exist semi-simple splicing languages which are not simple

splicing languages.
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Proof. Consider the semi-simple splicing system (I; �) in which � = (fa; b; cg; S),

I = fabccabg, and S = f(a; 1 ; b; 1)g. Let L = L(A; I; S). We shall show that L has

no constant symbols, and thus cannot be a simple splicing language.

Claim 7.3. There are no words of the form xbby for x; y 2 A� in L, and the word

ab is not in L.

Proof. (By induction on k in �k(I))

For k = 0, clearly ab =2 �0(I) = I. Also, there is no word of the form xbby in I. Let

k > 0 and i � k. Assume for all x; y 2 A� there is no word of the form xbby in �i(I).

Assume also that ab is not in �i(I). Take words z = xay and z0 = x0by0 in �k(I),

and splice via (a; 1 ; b; 1), obtaining w = xay0 2 �k+1(I). Note y0 6= by00, because if

it were, z0 would be of the form x0bby00, contradicting our induction hypothesis. So

w 6= ab. Further, w cannot contain two consecutive b's, because if it does, then either

x or y0 does, and that would contradict our induction hypothesis.

Claim 7.4. No word in L contains more than 2 b's, and any word in L which contains

2 b's must end in b. Further, if w 2 L has the form w = uav, then jujb � 1.

Proof. (By induction) No word in �0(I) = I contains three b's. Also, abccab contains

2 b's, and ends in b. Further, abccab = uav where either u = 1 or u = abcc. In either

case, jujb � 1.

Let k > 0 and i � k. Assume that no word in �i(I) contains three b's, and that

any word in �i(I) which contains two b's ends in b. Further, assume that if w 2 �i(I)

and w = uav, then jujb � 1.

Let z = xay and z0 = x0by0 be words in �k(I), and w = xay0 the product of

splicing. Since z; z0 are in �k(I), jxjb � 1 and jy0jb � 1. So w contains at most 2 b's.

Let us parse w = xay0 as w = uav. Again, note jxjb � 1 by the induction

hypothesis. If jxj � juj, then x = u� for some � 2 A�, and jujb � 1, as desired. If

jxj < juj, then there exists Æ 2 A� such that u = xaÆ and y0 = Æav. If jÆjb = 0, then

jujb � 1, and we are done. If jÆjb > 0, then Æ = u0bv0 for some u0; v0 2 A�. Further,

since y0 contains Æ, that means z0 = x0by0 contains 2 b's. So y0 must end in b, by
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the induction hypothesis. So in fact, y0 = Æ = u0b. But y0 = Æav 6= Æ. This is a

contradiction. Thus, if w = uav, then jujb � 1.

Finally, let us say w = xay0 contains 2 b's. We have that xay0 is such that jxjb � 1

by the argument just given. Thus, either jxjb = jy0jb = 1, or jy0jb = 2. But jy0jb = 2

cannot occur, since z0 = x0by0 satis�es the induction hypothesis. So it must be that

jy0jb = 1, in which case z0 = x0by0 contains 2 b's. By the induction hypothesis, then,

z0 ends in b. Thus y0 ends in b, and w = xay0 ends in b.

Claim 7.5. No word in L contains three consecutive c's.

Proof. (Induction) It is true for �0(I). Assume true for �i(I), i � k and k > 0.

Let z = xay and z0 = z0by0 be words in �k(I), as usual. The splicing product

w = xay0 cannot contain three consecutive c's, because neither x or y0 does, by

induction hypothesis.

Now let us note the following facts about L = ��(I). The word abccab 2 L can

be parsed as (1)a(bccab) and as (abcc)a(b). Using these parsings, if a were a constant

of L, the word (1)a(b) = ab would be in L. But ab =2 L, by Claim 7.3. So a is not a

constant of L.

The word abccab can be parsed as (abc)c(ab) and as (ab)c(cab). If c were constant

in L, then these parsings would yield (abc)c(cab) 2 L. Claim 7.5, however, shows

that no such word can be in L. So c cannot be a constant of L.

Finally, the word abccab 2 L can be parsed as (abcca)b(1) and as (a)b(ccab). If

b were constant in L, these parsings would yield (abcca)b(ccab) 2 L. By Claim 7.4,

however, no word with 3 b's is in L.

Thus, none of the symbols in A are constants of L, and L cannot be a simple

splicing language.

2 Null Context 6� Semi-Simple

Proposition 7.6. There exist null context splicing languages which are not semi-

simple splicing languages.
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Proof. Consider the null context splicing language L generated by the system (A; I; S) =

(fa; bg; fabababbg; f(ba; 1 ; ba; 1)g).

Claim 7.7. L = a(ba)+bb.

Proof. Consider the following splice of words in L for i � 2:

(a(ba)i�1(ba)bb; abababb)`(ba; 1 ; ba; 1) a(ba)
i+1bb

So we see a(ba)ibb � L for i � 2. We may also obtain ababb by splicing as follows:

(abababb; abababb)`(ba; 1 ; ba; 1) ababb

Thus a(ba)+bb � L.

For the other inclusion, note that I = fabababbg � a(ba)+bb. Further, it is clear

that given two words z = a(ba)ibb and z0 = a(ba)jbb in a(ba)+bb, any splice via r

yields another word in a(ba)+bb.

Now we claim the following:

Claim 7.8. L = a(ba)+bb is not a semi-simple splicing language.

Proof. We shall show that any semi-simple rule which is useful in L does not respect

L. Since L is in�nite, we shall thus show that L cannot be a semi-simple splicing

language. We look at the four cases:

(i) (a; 1 ; a; 1): Consider the following splice using words in L and (a; 1 ; a; 1):

(ababb; ababb)`(a; 1 ;a; 1) abb. Since abb =2 L, (a; 1 ; a; 1) =2 R(L).

(ii) (a; 1 ; b; 1): Consider the splice of words in L: (ababb; ababb)`(a; 1 ; b; 1) a. Since

a =2 L, (a; 1 ; b; 1) =2 R(L).

(iii) (b; 1 ; a; 1): Consider the splice of words in L: (ababb; ababb)`(b; 1 ; a; 1) abbb =2 L.

So (b; 1 ; a; 1) =2 R(L).

(iv) (b; 1 ; b; 1): Consider �nally the splice of words in L: (ababb; ababb)`(b; 1 ; b; 1) abb =2

L. So (b; 1 ; b; 1) =2 R(L).
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By the above claims, we see that L = a(ba)+bb is a null context splicing language

which is not a semi-simple splicing language.

3 Arrow Graphs

We begin with a semi-simple splicing scheme � = (A; S), and a �nite initial set I.

Let L = ��(I). We augment (I; �) with new symbols X and Y not in A as follows:

�A = A [ fX; Y g

�S = S [ f(X; 1 ; X; 1); (Y; 1 ; Y; 1)g

�� = ( �A; �S)

�I = XIY

�L = ���(�I)

De�nition 7.9. An arrow is a triple e = (a; w; a0) in �A� A� � �A.

We normally write an arrow as e = a
w
�! a0. Given such an arrow, we say a is the

initial vetex of e and a0 is the terminal vertex of e.

De�nition 7.10. Let e and e0 be arrows. We say the pair e; e0 is adjacent if the

terminal vertex of e is the initial vertex of e0.

Let �L = L( �A; �I; �S). We de�ne the arrow graph of ( �A; �I; �S) as follows:

De�nition 7.11. The arrow graph G of ( �A; �I; �S) is a directed graph having vertex

set �A and edge set E � �A� A� � �A. An arrow e = a
w
�! a0 is an edge in E if there

exists b 2 �A for which (a; 1 ; b; 1) in �S, and bwa0 in Fac �L.

De�nition 7.12. A path from a0 to an is a �nite sequence � =< e1; e2; : : : ; en >

of edges where the initial vertex of e1 is a0, the terminal vertex of en is an, and the

pairs ek; ek+1 are adjacent for 1 � k < n.

We have a non-standard de�nition for the label of a path:
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De�nition 7.13. If � =< e1; e2; : : : ; en > and ek = ak�1
wk�! ak, the label of � is

de�nes as follows: �(�) = a0w1a1w2 : : : an�1wnan.

We de�ne the language accepted by G, written as L(G) as follows:

L(G) = f�(�) j � is a path from X to Y g:

The product of two arrows e1 and e2 is de�ned if and only if the pair e1; e2 is

adjacent.

De�nition 7.14. Let e1 = a1
w1�! a2 and e2 = a2

w2�! a3 for a2 2 A. The product

of e1 and e2, written e1 � e2, is the arrow a1
w1a2w2����! a3.

Note 7.15. The product e1 � e2 � � � en is well-de�ned if the ej � ej+1 are de�ned for

1 � j < n, i.e. the product operation is associative.

De�nition 7.16. An edge e is prime if it is not the product of two edges.

De�nition 7.17. Given G = ( �A;E), we de�ne the prime subgraph of G, denoted

G0, as follows: G0 = ( �A;E0) where E0 = fe 2 E j e is primeg.

4 Arrow Graph Results

Let � = (A; S) be a semi-simple splicing scheme, and I a �nite initial set. Let

L = ��(I), and let �L be the semi-simple splicing language generated by the augmented

splicing system ( �A; �I; �S), as de�ned in the previous section. Let G be the arrow graph

associated with ( �A; �I; �S), and G0 the prime subgraph of G.

Lemma 7.18. �L = XLY .

Proof. (�L � XLY ): Let w 2 �I. Then w 2 XIY � XLY . Take two words z =

XwY and z0 = Xw0Y in XLY , and splice via a rule r = (a; 1 ; b; 1) 2 �S. If

r = (X; 1 ; X; 1), the result is Xw0Y is in XLY since w0 2 L. If r = (Y; 1 ; Y; 1),

the result XwY again is in XLY . If r = (a; 1 ; b; 1) for a; b 2 A, then w = xay

and w0 = x0by0. Since r 2 S in this case, the product xay0 of splicing w and w0 is in

L = ��(I), so Xxay0Y 2 XLY .
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(XLY � �L): (Induction on k in �k(I).) Let w 2 �0(I). Then XwY 2 XIY = �I �

�L. Let k > 0, and assume for all i � k that w 2 �k(I) implies XwY 2 �L. Take z; z0

in �k(I), and consider w, the product of splicing z and z0 via a rule r = (a; 1 ; b; 1)

in S. So z = xay, z0 = x0by0 and w = xay0. By induction hypotheis, XzY and Xz0Y

are in �L. Since S � �S, the splicing product Xxay0Y = XwY is in �L, as desired.

Lemma 7.19. The set E of edges in G = ( �A;E) is closed under the product opera-

tion.

Proof. Let e1 = a1
w1�! a2 and e2 = a2

w2�! a3 be adjacent edges in G. Since e1 is

an edge in G, there is a rule r1 = (a1; 1 ; b1; 1) 2 �S for some b1 2 �A, and a factor

b1w1a2 in �L. Since e2 is an edge, there is a rule r2 = (a2; 1 ; b2; 1) 2 �S and a factor

b2w2a3 in �L. Choose words w1 = x1b1w1a2y1 and w2 = x2b2w2a3y2 in �L, and splice

via r2, obtaining x1b1w1a2w2a3y2 2 �L. So b1w1a2w2a3y2 is a factor in �L. This and

r1 2 �S determine that the edge e = a1
w1a2w2����! a3 is in E. Since e = e1 � e2, we have

the desired conclusion.

Given a single edge e, we denote the label of e by �(e), rather than �(< e >).

Lemma 7.20. If � =< e1; e2; : : : ; en > is a path in G from a0 to an, then e =

e1 � e2 � � � en is an edge in G from a0 to an and �(�) = �(e).

Proof. Since � is a path, consecutive edges are adjacent. Let ek = ak�1
wk�! ak for

1 � k < n. The product e = e1 � e2 � � � en is well-de�ned, by Note 7.15. Further,

e = a0
w1a1w2:::wn�������! an. By Lemma 7.19, e is an edge from a0 to an in G. By de�nition,

�(�) = a0w1a1 : : : wnan = (a0)(w1a1 : : : wn)(an) = �(e).

Lemma 7.21. X
w
�! Y is an edge in G if and only if XwY 2 �L.

Proof. Let e = X
w
�! Y be an edge in G. We know that (X; 1 ; X; 1) 2 �S is the only

rule containing site X. Since e is an edge, there must be a factor XwY in �L. By

Lemma 7.18, it must be that XwY 2 �L.

Now say XwY 2 �L. Then XwY 2 Fac �L. Since (X; 1 ; X; 1) 2 �S, X
w
�! Y is an

edge.
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Lemma 7.22. L(G) = �L.

Proof. Let XwY 2 L(G). Then there is a path � =< e1; e2; : : : ; en > from X to Y

such that �(�) = XwY . Let e = e1 � e2 � � � en. By Lemma 7.20 e is an edge in G from

X to Y , and in fact e = X
w
�! Y . By de�nition of edge, there is b 2 �A such that

(X; 1 ; b; 1) and bwY 2 Fac �L. Since (X; 1 ; X; 1) can be the only such rule, we have

XwY 2 Fac �L. By Lemma 7.18, XwY 2 �L.

Now say XwY is in �L. Then XwY is a factor in �L, and since (X; 1 ; X; 1) 2 �S,

we have edge e = X
w
�! Y in G. Since e begins at X and ends at Y , XwY = �(e) 2

L(G).

Lemma 7.23. Every edge is the product of a sequence of prime edges.

Proof. (Induction on j�(e)j.) Let e = a0
w
�! a1 be an edge in G. If j�(e)j = 2,

then w = 1 and cannot be factored as uav, and e is prime. Let k > 2, and assume

that any edge having length less than or equal to k is the product of a sequence of

prime edges. Let e = a0
w
�! a1 be an edge in G whose label has length k + 1. If

e is prime, we are done. If not, then e = e1 � e2 where j�(e1)j, j�(e2)j are less than

k. By the induction hypothesis, both e1 and e2 are products of prime edges. So

e1 = e1(1) � � � e1(k), e2 = e2(1) � � � e2(l), and e = e1 � e2 = e1(1) � � � e1(k) � e2(1) � � � e2(l) is also

the product of prime edges.

Lemma 7.24. (Pre�x Edge) Let a1
w1aw2���! a2 be an edge in G, where a 2 A and

w1; w2 2 A�. Then a1
w1�! a is an edge in G.

Proof. Since a1
w1aw2���! a2 is an edge, there is b1 2 �A such that (a1; 1 ; b1; 1) 2 �S and

b1w1aw2a2 2 Fac �L. So b1w1a 2 Fac �L, and a1
w1�! a is an edge in G.

Lemma 7.25. If a1
w
�! a2 is a prime edge in G, then w is a factor in I.

Proof. (Induction on smallest k for which there exists b1 2 �A, (a1; 1 ; b1; 1) 2 �S and

a factor b1wa2 in ��k(�I).) Let e = a1
w
�! a2 be a prime edge in G for which there is b1

such that (a1; 1 ; b1; 1) 2 �S and b1wa2 2 ��0(�I) = �I. Since �I = XIY , w must be in

Fac I. Let k > 0, and i � k. Assume that if e = a
w
�! a0 is a prime edge for which

there exists b 2 A, (a; 1 ; b; 1) 2 �S and bwa 2 Fac ��i(�I), then w 2 Fac I.
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Now let e = a1
w
�! a2 be a prime edge for which there exists b1 2 A, (a1; 1 ; b1; 1) 2

�S and b1wa2 2 Fac(��k+1(�I) n ��k(�I)). So there is a word �xb1wa2�y 2 ��k+1(�I). Since

�xb1wa2�y =2 ��k(�I), there must be words z = xay and z0 = x0by0 in ��k(�I) and a rule

(a; 1 ; b; 1) in �S such that

(xay; x0by0)`(a; 1 ; b; 1)xay
0 = �xb1wa2�y:

Note that, since b1wa2 =2 Fac ��k(�I), there must be 
 2 �A� and a pre�x Æ 6= 1 of y0

such that 
aÆ = b1wa2. (Otherwise b1wa2 is either entirely contained in xa or y0, a

contradiction.) We examine the cases:

(i) Case 
 6= 1. Then b1wa2 = b1w1aw2a2 for w1; w2 2 A� such that w2a2 = Æ. By

Lemma 7.24, e1 = a1
w1�! a is an edge. Since w2a2 = Æ is a pre�x of y0, we see

that bw2a2 is a factor of z
0 in �L. Since (a; 1 ; b; 1) 2 �S, e2 = a

w2�! a2 is an edge

in G. Finally, we see e1 � e2 = e, contradicting the fact that e is prime.

(ii) Case 
 = 1 and aÆ = b1wa2. Then Æ = wa2, and z0 = x0by0 = x0bwa2� for

some � 2 A�. Note bwa2 is a factor in ��k(�I), and (a; 1 ; b; 1) in �S imply

there is an edge e0 = a
w
�! a2. If e0 is not prime, then there exist edges ~e

and e2, and a0 2 A such that ~e = a
u
�! a0, e2 = a0

v
�! a2, and ua0v = w.

So e = a1
w
�! a2 = a1

ua0v
��! a2, and the pre�x edge e1 = a1

u
�! a0 exists by

Lemma 7.24. The product e1 � e2 = e, contradicting the fact that e is prime.

Thus e0 must be prime. Since bwa2 is a factor in ��k(�I), and (a; 1 ; b; 1) is in �S,

w must be in Fac I by the induction hypothesis.

Lemma 7.26. The prime subgraph G0 of G is �nite.

Proof. This is an immediate consequence of the de�nition of G0, Lemma 7.25, and

the fact that I is �nite.

Lemma 7.27. L(G0) = �L.

Proof. Since G0 is a subgraph of G, and L(G) = �L by Lemma 7.22, L(G0) � �L.

Now let XwY 2 �L. Then e = X
w
�! Y is an edge by Lemma 7.21. By Lemma 7.23,
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e = e1 � � � en, where each ei is a prime edge. Since �(e) = �(e1 � � � en) = XwY by

Lemma 7.20, we see XwY 2 L(G0).

Lemma 7.28. (Approximate Factorization) Let L = L(A; I; S) where � = (A; S) is

semi-simple. Let the arrow graph G = ( �A;E) be de�ned as usual for the augmented

language �L = L( �A; �I; �S). Let N = maxfj�(e)j j e is a prime edge in G g. If e =

a1
xwy
��! a2 is an edge in G, and jwj > N , then there are edges e1 = a1

xu
�! a and

e2 = a
vy
�! a2 in G such that e = e1 � e2 and w = uav.

Proof. Let e = a1
xwy
��! a2 be an edge in G such that jwj > N . By Lemma 7.23, there

exists a sequence e1; e2; : : : en of prime edges such that e = e1 � e2 � � � en. Take the

smallest j such that j�(e1 � � � ej)j > ja1xj. Note j�(e � e0)j = j�(e)j + j�(e0)j � 1, by

de�nition of the product and of �. Since j�(ej)j < N , we have

j�(e1 � � � ej)j = j�(e1 � � � ej�1)j+ j�(ej)j � 1

< ja1xj+N � 1

� ja1xwj:

Thus �(e1 � � � ej) = a1xu where ua is a pre�x of w, and the factorization of e as

(e1 � � � ej) � (ej+1 � � � en) has the desired property.

Lemma 7.29. Let (A; I; S) be a semi-simple splicing system, and say L = L(A; I; S).

Let arrow graph G = ( �A;E) be de�ned as usual for the augmented system ( �A; �I; �S),

and let �L = L( �A; �I; �S). Let N = maxfj�(e)j j e is a prime edge in Gg. If w 2 A� and

jwj > N , then w is a constant of L.

Proof. Let xwy and x0wy0 be words in L. So XxwyY and Xx0wy0Y are in �L = XLY ,

and there are edges e = X
xwy
��! Y and e0 = X

x0wy0

���! Y in G. By Lemma 7.28,

there is an approximate factorization ~e � e2 of e
0, where ~e = X

x0u
�! a, e2 = a

vy0

�! Y

and w = uav. Now e = X
xuavy
���! Y , and by Lemma 7.24 there is a pre�x edge

e1 = X
xu
�! a of e. Consider e1 � e2. First, note that this product is de�ned since the

e1; e2 are an adjacent pair. Further, e1 � e2 = X
xuavy0

���! Y is an edge from X to Y in

G. Thus �(e1 � e2) = Xxuavy0Y 2 L(G) = XLY , and we see xuavy0 = xwy0 2 L. A
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similar argument using an approximate factorization of e and pre�x edge of e0 reveals

that x0wy is in L as well.

Theorem 7.30. If L is a semi-simple language, then L is strictly locally testable.

Proof. Let L = L(I; �) where � is a semi-simple splicing scheme. If L is �nite, then

L is strictly locally testible. Construct the arrow graph G of the augmented semi-

simple language �L = XLY , as usual. Let N = maxfj�(�)j j � is a prime edge in Gg.

By Lemma 7.29, every word in L having length greater than N is a constant word in

L, and L is strictly locally testable by De�nition 6.7 given in Chapter 6.
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Chapter 8

Semi-Null Splicing Systems

In Chapter 7, we discussed semi-simple splicing systems in which all rules have sites

which are single alphabet symbols. The rule sites in such a system are not necessarily

constant factors of the splicing language. We saw, however, that splicing languages

generated by semi-simple systems contain only �nitely many words which are not

constant. We now shall generalize further to a class of splicing languages which have

sites in A+.

De�nition 8.1. Let (A; I; S) be a splicing system in which I and S are �nite and

every rule in S has the form (u; 1 ; v; 1), where u; v 2 A+. We say � = (A; S) is

a semi-null splicing scheme, (A; I; S) is a semi-null splicing system, and

��(I) is a semi-null splicing language.

If L is a semi-null splicing language which can be generated by a semi-null system

having exactly one rule, we say L is a one rule semi-null language.

1 Semi-Null 6 � NCH

The next proposition shows that the class of semi-null languages lies outside the class

of null-context splicing languages.

Proposition 8.2. There exist semi-null languages which are not null context splicing

languages.
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Proof. Consider the language L = b(aa)+. It is easy to verify that L is generated by

the semi-null system (A; I; S) where S = f(baa; 1 ; b; 1)g and I = fbaag. Assume L

is a null-context splicing language. Recall, all rules in a null context splicing system

(A; I; S) generating L have either the form (u; 1 ; u; 1) or (1; u ; 1; u), and each site

is a constant of L. So the rules must be of the form (bai; 1 ; bai; 1) or (1; bai ; 1; bai),

where i > 0. Notice that, given two words ba2k and ba2l in L, and r 2 S, the

splicing product cannot have length greater than maxfjba2kj; jba2ljg. Thus, any �nite

initial set and �nite null context rule set can only generate a �nite subset of L. This

contradicts L = L(A; I; S).

We shall give a set of conditions under which one rule semi-null languages are

in�nite. We shall then show that in�nite semi-null splicing languages have in�nitely

many constant factors, and thus contain in�nitely many constant words. First, a

lemma.

2 A Lemma

Lemma 8.3. Let L � A� be a regular language. Let u 2 A� and v 2 A+. If the rule

r = (uv; 1 ; u; 1) 2 Rfac(L), then facC(L) is in�nite.

Proof. Let SynL denote the syntactic monoid of L. Let K = Card(SynL). We have

the following claims:

Claim 8.4. If xuvy 2 L for some x; y 2 A�, then fxuviy j i � 1g � L.

Proof. Say xuvy 2 L for some x; y 2 A�. Since r = (uv; 1 ; u; 1) respects L, the

following splice generates a product in L for each i � 1:

(xuviy; xuvy)`r xuv
i+1y 2 L:

Claim 8.5. There exist j; k, 1 � j < k � K + 1 such that uvj+i �L uvk+i for all

i � 0.
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Proof. By the Pigeon Hole Principle, there exist integers j; k where 1 � j < k � K+1,

such that:

uvj �L uvk

Consequently, for this j and k, and for all i � 0, uvj+i �L uvk+i holds as well.

Let k be as de�ned in Claim 8.5. We have yet another claim.

Claim 8.6. The string uvk+1 is a constant factor in L.

Proof. Because r is useful, there exist x; y 2 A� such that xuvy 2 L. By Claim 8.4,

the word xuvk+1y is in L. So, let xuvk+1y and x0uvk+1y0 be words in L. We may

splice via r as follows:

(xuvvky; x0uvk+1y0)`r xuvv
k+1y0 = xuvk+2y0 2 L:

By Claim 8.5, we see xuvj+2y0 2 L. Notice that (k � j � 1) � 0 since j < k. So by

Claim 8.4, the wordxuv(j+2)+(k�j�1)y0 = xuvk+1y0 2 L, as desired.

We know by Claim 8.6 that the word uvk+1 is a constant factor of L. So there

exist x; y 2 A� such that xuvk+1y 2 L. By Lemma 2.13, every word in the set

S = fuvk+1vi j i � 0g is a constant of L. By Claim 8.4, the set xuvk+1v�y � L. So

every word in S is a factor in L. Thus facC(L) is in�nite.

3 One Rule Semi-Null Languages

Let S = f(u; 1 ; v; 1)g, where u and v are non-empty words over alphabet A. Let I

be an initial set such that u; v 2 Fac I. Let � = (A; S). Let L = ��(I).

Let A and B represent the following statements:

A: 9�; �; 
 2 A�, � 6= 1 such that �u = 
v� 2 FacL

B: 9�; �; 
 2 A�, � 6= 1 such that �u = u� 2 FacL and v� 2 FacL

Note 8.7. If B holds and j�j � juj, then A holds.
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Proof. This is clear when one considers that B and j�j � juj means that � contains

u as a factor. Since v� is a factor in L, there is a word xv�y 2 L, where � = � 0u� 00.

So (v� 0)u = v(� 0u), v� 0 6= 1 since v 6= 1, and v(� 0u) is a factor in L.

We de�ne the following integers for k � 0:

P k = maxfj�j j9� such that �u� 2 �k(I)g

Sk = maxfj�j jexists� such that �v� 2 �k(I)g

We shall also de�ne statements Ak and Bk as follows:

Ak : 9�; �; 
 2 A�, � 6= 1 such that �u = 
v� and v� 2 Fac�k(I)

Bk : 9�; �; 
 2 A�, � 6= 1 such that �u = u� and v� 2 Fac �k(I)

Now, a lemma:

Lemma 8.8. The following implications hold for L = ��(I):

(i) P k+1 > P k =) Bk

(ii) Sk+1 > Sk =) Ak.

Proof. (i) Suppose �u� 2 �k+1(I) and j�j > P k. Since �u� =2 �k(I), there must

exist words xuy and �xv�y in �k(I) such that �u� = xu�y. Since jxj � P k, it

follows that jxj < j�j, so there is an � 6= 1 such that � = x�. Notice that

x�u� = xu�y implies �u� = u�y. So we may parse �y as � �y0 in such a way that

�u = u�, and � 6= 1 since � 6= 1. Finally, �xv�y = �xv� �y0, so v� 2 Fac �k(I). So

Bk holds for L.

(ii) Suppose �v� 2 �k+1(I) and j�j > Sk. Then there exist xuy and �xv�y 2 �k(I)

such that �v� = xu�y. Since j�j > j�yj, we may parse � as � = ��y where � 6= 1.

Since �v��y = xu�y, we see �v� = xu. So there exist � and 
 in A� such that

x = x0�, � = x0
 and �u = 
v�, where x0 denotes the common pre�x of �

and x. Notice � = 1 if jxj � j�j, and 
 = 1 if jxj � j�j. In any case, we have
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xu = x0�u = x0
v� = �v�. So �u = 
v�. Since �u is a factor of xu 2 Fac�k(I),

v� 2 Fac�k(I). Thus Ak holds for L.

Theorem 8.9. Let L be a one rule semi-null splicing language. Then L is in�nite if

and only if at least one of the statements A or B holds for L.

Proof. Let L = ��(I) where � = (A; S) and S = f(u; 1; v; 1)g, u; v 2 A+. First we

shall show that L is in�nite if statement A or statement B holds for L.

Say A holds for L. Then there exists a word x�uy = x
v�y 2 L. We splice as

follows for all i > 0:

(x�uy; x
v�iy)`x�u�iy = x
v�i+1y 2 L:

Since � 6= 1, we see L is in�nite.

Say B holds for L. There exists a word xuy0 in L, since (u; 1; v; 1) is useful. There

also exists a word x0v�y in L, � 6= 1 by assumption. Splicing these words, we have

(xuy0; x0v�y)`xu�y = x�uy 2 L. Splicing now for each i > 0, we obtain

(x�iuy; x0v�y)`x�iu�y = x�i+1uy 2 L:

Since � 6= 1 implies � 6= 1, we see L is in�nite.

Now let us assume L is in�nite. We wish to show that one or both of the statements

A and B hold.

Recall that the only rule which is used to generate L is (u; 1 ; v; 1). So every

word z in L which is obtained by splicing must be of the form xu�y, where xuy and

�xv�y are words in L are such that (xuy; �xv�y)` z. If, for some k, both P k+1 = P k

and Sk+1 = Sk, there would be a bound on jxj and j�yj, and thus on jzj. Since L is

in�nite, this cannot happen, and at least one of the antecedents of Lemma 8.8 must

hold. Either consequence suÆces for our purposes.

4 Constants in One Rule Semi-Null Languages

We begin with a lemma.
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Lemma 8.10. If (u; v ; u0; v0) respects L, then for all �; �; �0 and � 0 in A�, the rule

(�u; v� ; �0u0; v0� 0) respects L as well.

Proof. Obvious application of the splicing rule (u; v; u0v0) to x�uv�y and x0�0u0v0� 0y0

in L yields the desired result.

Before stating the next theorem, it will be helpful to notice that a special case of

Lemma 8.3 occurs if A holds for a one rule semi-null language L. The lemma applies

to any language for which statement A holds, not just semi-null languages. We state

the special case lemma in its most general form:

Lemma 8.11. Let L � A� be such that (u; 1 ; v; 1) respects L and such that A holds

for L. Then Cfac(L) is in�nite.

Proof. Since r = (u; 1 ; v; 1) respects L, the rule (�u; 1 ; v; 1) also respects L by

Lemma 8.10. Since A holds, we have �u = 
v�, so �r = (
v�; 1 ; v; 1) 2 R(L). Since

A also asserts that 
v� 2 FacL, we have that �r is useful in L. By another application

of Lemma 8.10, we have that the rule (
v�; 1 ; 
v; 1) 2 R(L). Since it is clearly also

useful, we have (
v�; 1 ; 
v; 1) 2 Rfac(L). Finally, Lemma 8.3 implies that there

exists an integer J such that 
v�j 2 C(L) for all j � J . Thus Cfac(L) is in�nite.

Now we shall show that, if B holds for L, and A does not, then C(L) is in�nite.

Proposition 8.12. Let � = (A; S) be a splicing scheme in which S = f(u; 1 ; v; 1)g.

Let I be �nite, and say B holds for L = ��(I), but A does not hold for L. If L is

in�nite, then Cfac(L) is in�nite.

Proof. We shall �rst prove that C(L) is in�nite by showing that any suÆciently long

string in A� which ends with u is a constant of L. We shall then show that arbitrarily

long strings ending in u appear as factors in L. We make the claim:

Claim 8.13. Let w 2 A+ have length exceeding the length of any word in I. Then

wu 2 C(L).

Proof. We make the following induction claim:
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Claim 8.14. For k � 0 and w 2 A+ such that jwj exceeds the length of any word in

I, pwuq 2 �k(I) and ~pwu~q 2 L together imply ~pwuq 2 L.

Proof. Let k = 0. Note that because w is longer than any word in I, pwuq is not

in �0(I) = I. Thus pwuq =2 �0(I), and the statement pwuq 2 �0(I) and ~pwu~q 2 L

together imply ~pwuq 2 L is vacuously true. We assume the statement is true for all

i < k where k > 0. Let pwuq 2 �k(I) n �k�1(I). Since k > 0, there exist z and �z

such that (z; �z)` pwuq. We know z; �z 2 �k�1(I), and we can factor these strings as

z = xuy; �z = �xv�y, and further, xu�y = pwuq.

case 1: If jxuj � jpwj, then �y = 
uq for 
 2 A�. So �z = �xv�y = �xv
uq, and

v(
u) = (v
)u 2 Fac(L), and 
u 6= 1. This violates our assumption that

statement A does not hold for L.

case 2: If jpwj < jxuj � jpwuj, then u = u1u2 = u2u3, where w = w1u1 for some

w1 2 A�, and �y = u3q. Note u2 = 1 implies we are in case 1. So �xv�y = �xvu3q,

and ~pwu~q = ~pw1uu3~q. Splicing, we obtain

(~pw1uu3~q; �xvu3q)` ~pw1uu3q = ~xw1u1uq = ~pwuq 2 L:

case3: If jxuj > jpwuj, then there are u1 and u3 such that u1u = uu3, xu = pwuu3,

and q = u3�y. Since xuy = pwuu3y 2 �k�1(I), the induction assumption says

~pwuu3y = ~pwu1uy 2 L. Splicing,

(~pwu1uy; �xv�y)` ~pwu1u�y = ~pwuu3�y = ~pwuq 2 L:

Hence, in every case which can occur, the condition pwuq 2 �k(I) and ~pwu~q 2 L

implies that ~pwuq 2 L.

Since pwuq 2 L naturally implies that there is an n such that pwuq 2 �n(I), half

of our proof that wu 2 C(L) is done. The above argument also proves that pwu~q 2 L,

so we have in fact that wu 2 C(L), as desired.

Claim 8.15. There are arbitrarily long factors in L of the form xu, x 2 A�.
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Proof. Let N = maxfjy0j j xuy0 2 L and y contains no factor ug. Notice then that,

given words z = xuy and z0 = x0vy0 in L, the splicing product xuy0 is such that

jy0j � N if y0 contains no factor u. Since L is in�nite, and all words in L n I

are obtained by splicing via (u; 1 ; v; 1), and must contain u, we see there must be

arbitrarily long factors of the form xu in L.

Claim 8.13 and Claim 8.15 together imply that Cfac(L) is in�nite.

Theorem 8.16. Let L be a one rule semi-null splicing language. L is in�nite if and

only if Cfac(L) is in�nite.

Proof. Let � = (A; S) where S = f(u; 1; v; 1)g for u; v 2 A+. Let L = ��(I) be

in�nite. Theorem 8.9 says either statement A or B holds for L.

Say A holds for L. The rule (u; 1 ; v; 1) respects L. Since this is the only rule

in S, and L is in�nite, the rule is clearly useful. Lemma 8.11 says that Cfac(L) is

therefore in�nite.

Now say B holds for L, butA does not. By Proposition 8.12, we have that Cfac(L)

is in�nite.

In the other direction, if Cfac(L) is in�nite, there must be words of arbitrary

length in L.

Notice that, while we have in�nitely many constant factors of L, we have not

shown that the site u is constant.
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Chapter 9

Wet Splicing

The scienti�c community has recently taken great interest in biomolecular mod-

els of computation. In particular, Leonard Adleman's seminal 1994 work [11] in-

spired a surge of research focused on exploring the possibility of using DNA or other

biomolecules to solve mathematical problems which are computationally hard [2],

[12]. In light of such developments, it seemed worthwhile to demonstrate the viabil-

ity of Head's model using experimental methods in the laboratory. It was with this

aim that an investigation of the feasibility of performing the splicing operation as

originally de�ned was undertaken.

Results of our study indicate that the splicing operation can be easily performed

in a single-step laboratory procedure. In this procedure, restriction digestion and

religation of linear double-stranded DNA (dsDNA) take place simultaneously in a

single bu�er, producing the new strings which are predicted by the model. While

the signi�cance of this �nding is yet to be realized completely, the importance of

experimentally verifying the predictive capability of the H-system model of splicing

is clear.

1 Wet De�nitions

We use the notation of Head, introduced in [7]. Let A be a �nite set of alphabet

symbols.
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A splicing system � = (A; I; B; C) consists of the �nite alphabet A, a �nite set I of

initial strings in A�, and �nite sets B and C of triples of the form (c; x; d) with c; x and

d in A�. Each such triple is called a pattern. For the triple (c; x; d), the string cxd is

called a site, and the string x is called a crossing. For the purposes of this discussion it

will be helpful to consider the initial set to be linear strings of dsDNA over an alphabet

consisting of the nucleotide pairs formed by hydrogen bonding between the bases

adenine, guanine, cytosine, and thymine. These nucleotide pairs can be represented by

the set f[A=T ]; [T=A]; [C=G]; [G=C]g, which we shorten to fa; t; c; gg. Single stranded

DNA are denoted by the capitalized alphabet fA; T; C;Gg. It is also helpful to think

of a site as the recognition site of a restriction enzyme, and the crossing as the single-

stranded overhang which is formed when the enzyme cleaves dsDNA containing the

site. Patterns in B are called left-handed, and correspond to recognition sites of

restriction enzymes which produce either 5' or blunt end overhangs. Patterns in C

are called right-handed, and correspond to the sites of enzymes which produce 30

overhangs.

Strings are spliced according to the following algorithm: If there are strings ucxdv

and pexfq, and patterns (c; x; d) and (e; x; f) of the same hand, then the strings

ucxfq and pexdv are formed by splicing ucxdv and pexfq together. Again, it is

helpful to consider patterns of the same handedness which contain the same crossing

as corresponding to restriction enzyme sites which produce the same overhangs, i.e.

overhangs which allow subsequent religation to occur.

The language L = L(I; �) consists of the strings in I and all strings in the closure

of I under the operation of splicing, i.e. strings which can be generated by splicing

in L are adjoined to L. Strings in L(I; �) which cannot be used for splicing are called

the adult strings in L(I; �).

Strings of DNA are measured in length by the number of base pairs which they

contain. For example, the dsDNA strand represented by agatacc has length 6. If

a strand has length exceeding 1000 base pairs, its length is sometimes expressed in

kilobase pairs, denoted kbp.
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2 Motivation

The motivation for this experiment was to produce laboratory veri�cation of Head's

theoretical model of splicing systems. The experiment was designed to test the hy-

pothesis that a particular splicing system will converge to a �xed set of strings. The

initial set was taken to be two distinct sequences of linear dsDNA, each with de-

phosphorylated 50 ends, one having a BglI restriction site and the other having a

DraIII restriction site. The action of iterated cleavage and religation was predicted

to result in a dynamical splicing system which would converge to a particular set of

adult strings. The experiment was designed so that this progression would be clearly

apparent if the wet splicing system behaved as predicted by the theoretical, or dry

model.

3 The Wet Example

The wet splicing system � = (A; I; B; C) for our experiment was constructed as

follows:

A is the set fa; g; c; tg introduced above, and I = f�gccgcaccggc�; 
caccacgtgÆg,

with �; �; 
; and Æ in fa; c; t; gg� = A�. These initial strings are sequences which

appear in the genome of the bacteriophage lambda. The strings are assumed to be

dephosphorylated on their 50 ends in order to prevent blunt end ligation.

The substrings gccgcaccggc and caccacgtg appearing in the initial strings are

recognition sites for the restriction enzymes BglI and DraIII. Note (gccg; cac; cggc)

and (cac; cac; gtg) are patterns which encode speci�c actions of these enzymes in the

presence of T4 DNA ligase, and together they are the elements in set C. Set B is

empty in this example. Both restriction sites, when cut, leave 30 CAC single-stranded

overhangs which allow religation. There are no other recognition sites for these en-

zymes in either initial string, so the splicing language L(I; �) for this example is as

follows:

L(I; �) = I [ f�gccgcacgtgÆ; 
caccaccggc�g:
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We were motivated to verify experimentally that the system described above could

generate in vitro the splicing language predicted by the dry model.

3.1 String Speci�cations

The two substrings of phage lambda DNA which constitute the initial set in the

primary example described above were chosen for the following properties: String 1,

approximately 1.6 kbp long, was chosen because it contains exactly one BglI site,

about 1.45 kbp from one end. String 2, which we shall refer to as the 2.1 kbp string,

contains exactly one DraIII site, approximately 1.3 kbp from one end. The 2.1 kbp

string contains no BglI restriction site and the 1.6 kbp string contains no DraIII site.

Both sites, when cut by the appropriate enzyme, leave 30 overhangs of the sequence

CAC which allow subsequent ligation of fragments to occur. Further, if two fragments

originating from the two di�erent strings are ligated together, neither restriction site

is present in the product string, and no subsequent cleavage of these molecules is

possible, i.e. these are the adult strings in the splicing language. Two such adult

strings can be formed in this system. No blunt end ligation could occur at all, since

the initial molecules were dephosphorylated on their 5' ends. In theory therefore,

repeated cleavage and ligation steps should reduce the quantity of the original 2.1

and 1.6 kbp molecules, and increase the quantity of the adult molecules, which are

approximately 0.98 and 2.7 kbp in length. Such strands would be readily detectable

and easily di�erentiated by agarose gel electrophoresis and subsequent UV analysis

[1]. The initial molecules and the adult product molecules expected after cleavage

and religation are shown in Figure 1.

4 The Experimental Results

A preliminary run of the simultaneous restriction digestion and ligation experiment

was performed, and the results of this reaction are shown in Figure 2. A time sequence
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GCCGCACCGGC

CACCACGTG

1442 bp 155 bp

1.6 kbp IBgl 

2.1 kbp

1312 bp   825 bp

INITIAL MOLECULES

  825 bp1442 bp

2.7 kbp

Dra III

0.98 kbp

155 bp1312 bp

ADULT  MOLECULES

Figure 9.1: The initial molecules and the adult molecules which are the expected

products in the primary example.
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study of the primary simultaneous restriction digestion and ligation reaction, called

Reaction T, was then performed. The results of the experiment appear in Figure 3.

We predicted that the dynamical behavior of this wet splicing system would be a

time-related decrease in the initial strings, and a corresponding increase in the adult

strings. Intermediate fragments having 30 CAC overhangs were expected as well.

The restriction enzymes chosen apparently work with good eÆciency at the con-

centrations used and in the T4 DNA ligase bu�er. The BglI and DraIII began to

cleave the initial strands of DNA in T4 DNA ligase bu�er within 5 minutes after

Reaction T was begun, as seen in Lane 3 of the gel in Figure 3. Digestion of the 2.1

and 1.6 kbp fragments apparently continued throughout the reaction, although the

majority of both initial fragments were cleaved within an hour at room temperature,

as apparent from Lane 5. The resulting DNA pieces with overhangs appeared within

5 minutes, as seen in Lane 3. The ligase worked well at 22ÆC, as expected, and the

fragments with overhangs began to religate immediately. The 5 minute aliquot in

Lane 3 of the gel appearing in Figure 3 showed some apparent 2.7 and 0.98 kbp adult

products of religation. Within 60 minutes the two adult DNA strands of lengths 2.7

and 0.98 kbp were clearly visible (Lane 5). The complete time sequence indicates

a progressive decrease in the quantities of the initial 2.1 and 1.6 kbp strings, and a

progressive increase in the quantities of the adult strings, as expected.

The quantities of the initial molecules decreased over time, until virtually all initial

molecules disappeared. The intermediate fragments with overhangs �rst increased in

apparent quantity as the initial molecules are cleaved by the restriction enzymes

during the �rst minutes of the reaction, and then the quantities of these intermediate

fragments decreased as they are used up during the religation process, forming adult

molecules which cannot be recleaved. The adult molecules showed a steady increase

in quantity throughout the reaction, and were apparently not involved in further

interactions with other molecules or enzymes.
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5 Conclusion

This splicing system behaved as predicted by the dry mathematical model proposed

by Head. The intial set consisting of the two dsDNA strings was dynamically trans-

formed by the process of cleavage and religation into the predicted set of adult strings

of dsDNA. The adult strands showed no evidence of further cleavage, and the initial

strings gradually disappeared from the reaction mixture over time. The intermedi-

ate fragments were visible as quickly as �ve minutes after the reaction was initiated.

Their concentrations initially appeared to steadily increase until they reached a maxi-

mum concentration in the reaction, after which time the quantities of the intermediate

fragments in the reaction mixture appeared to monotonically diminish. The appar-

ent quantities of the adult strings steadily increased throughout the duration of the

reaction.

In conclusion, we have initial results which seem promising. Further research must

be done in the areas suggested above, as well as in areas which will broaden the scope

of the investigation of the splicing system model.
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Figure 9.2: Preliminary Reaction: Simultaneous restriction digestion and ligation of

1.6 kbp and 2.1 kbp dsDNA fragments. Lanes 1 and 4 are the standard molecular

weight markers (phage lambda DNA cut with HindIII and BstE II, respectively).

Lane 2 contains the initial dsDNA strings of lengths 2.1 and 1.6 kbp. Lane 3 contains

the products after overnight incubation at room temperature. Note that the expected

adult strings of lengths 2.7 and .98 kbp appear. The faint bands appearing in Lane

3 are unreligated fragments from restriction digestion of the initial strings.
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Figure 9.3: Reaction T: Time sequence study of simultaneous restriction digestion

and ligation of 1.6 kbp and 2.1 kbp dsDNA fragments. Lanes 1 and 7 are standard

molecular weight markers (phage lambda DNA cut with HindIII and BstE II, respec-

tively). Lane 2 contains the initial dsDNA strings of lengths 2.1 and 1.6 kbp. Lanes

3, 4 and 5 contain the products after incubation at room temperature for 5, 15 and 60

minutes, respectively. Lane 6 contains the product strings after overnight incubation

at 16ÆC. Note that the bands containing the expected adult strings of lengths 2.7

and .98 kbp appear increasingly bright as time passes, while the bands of both the

original dsDNA and the unreligated fragments grow fainter with time.
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