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618 O’Leary
I. INTRODUCTION AND RESULTS

A fundamental question in mathematical physics is the local regularity of
solutions of the Navier-Stokes system

V,—AvV+(v-V)v+ Vp =0, (1)
divv =0. (2)

In particular it is unknown if a solution v in a three dimensional domain 2 for which
v e Lo(0,T; Ly(2)) N Ly(0, T, Wa(K)) is a priori bounded.
Our result is that if there is some € > 0 so that either

1
ess sup supW// Iv(g, )" dE dt < oo, 3)
(x,1)eQy p>0 P QrNO,(x, 1)
or
1
€ss sup supl—H// | Vv(&, r)|2 dédt < oo, 4)
(x,0€Qr p>0 P QrNQ,(x, 1)

then v € Ly 1o.(27), Where Q,(x, 1) = B,(x) x ( — oo, 1) and Q= Q x (0, 7).
More generally, we have the following.

Theorem 1. Let ve L, (0,T; L,(2)) N L,(0,T; Wzl () be a weak solution of the
Navier—Stokes system

V,—AV+(v-V)v+ Vp =0,
divv =0.

in Qp = Qx (0, T) where 2 C R*. Suppose that either

(1) There is some 2 < q < 5 and some A > 5 — q that

1
ess sup sup —- // [v(&, )| dsdT < o0, (5)
QrNQ,(x, 1)

(x,0)eQy p>0 P

or
(1) There is some 10/7 < q < 5/2 and » > 5 — 2q so that

1
ess sup sup—A//S2 o )|Vv(§, 7)|9dédt < o0, (6)
7NQ,(x, 1

(x,0)€Q p>0 P

where Q,(x,1)=B,(x) x (t — 0°,1). Then v € Lo 10c(7) and v is C* in the spatial
variables.

To put this result in proper context, let us briefly review the state of the reg-
ularity theory for the Navier-Stokes system. The first main class of results we shall
discuss show the boundedness of solutions that are sufficiently integrable. The main
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Boundedness for Naviers—Stokes System 619

results are due to Ohyama (11), Serrin (16), and Takahashi (21). Representative of
these results is the following (21, Theorem 3.1).

Theorem 2. Let ve L, (0,T; L,(2))N L, (0, T; W3 () be a weak solution of
V,—AV+H(v-V)v+Vp =0
divv=0

in Qp =Qx(0,T), where @ € RY. If either

(1) veL,0,T; L) forqandrwith2/q+N/r=1, N <r <00, or
(i) esssupg_ .7 IVC, Dl @) is sufficiently small.

Then v € Ly 10(27) and v is C* in the spatial variables.

If we require that v is a solution of the initial-boundary value problem, then
more information can be obtained. Let H(2) be the completion of D(2) =
{ue C°(Q) : divu = 0} in L,(R2). We have the following.

Theorem 3. Let v € Lo,(0, T; Ly(Q)) N L(0, T; Wa()) be a weak solution of

V,—AV+H (V- VW) +Vp=0
divv=0

V|aszx(o,T)= 0
V| _o =V, € H)

in Qr =Q x(0,T), where @ € R is smooth. If either

(i) ve L,0,T; L(Q) for q and r with2/q+ N/r=1, N <r <00, or
(i) veC0,T]; Ly().

Then v e C™(Q2 x (0, T]).

A proof of this result and the history of its development can be found in
(7, Theorem 5.2, Remark 5.8). The limiting case » = N has received considerable
recent attention; we mention (1,2,9,10,17).

The addition of the boundary condition in Theorem 3 is significant. Indeed, Serrin
(16) noted that if v(x, ) = a(f)Vy(x) for some harmonic function ¥(x) and some
integrable function a(f), then v satisfies the Navier-Stokes system (1)—(2), but possesses
no additional regularity in time beyond what is assumed for a(¢). Of course, v vanishes
on 92 x (0, 7T") only if ¥(x) and consequently v vanishes identically in all of Q7.

We also remark that there are results analogous to Theorem 3 where the
integrability requirements on v are replaced by the requirements that either

(i*) VveL,0,T;L.(27)) for ¢ and ¥ with 2/¢'+ N/¥ =2, N < < oo, or
(i1*) Vv e CY([0, T]; Ly/(S2)).

See also (3) and (7, Remark 5.6).
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620 O’Leary

Another approach is the method of Scheffer (13-15) and Caffarelli et al. (4)
which shows that the set of singular points is small in some sense. A point is
called a regular point if the solution v is essentially bounded in a neighborhood of
the point; the remaining points are called singular points. In particular, in (4) it was
shown for suitable weak solutions that the one dimensional Hausdorff measure of
the singular set is zero. This was done by proving the following.

Theorem 4. There is a constant § > 0 so that if v is a suitable weak solution of the
Navier-Stokes system and

lim supl f f |VV(E, T))> dedT < & (7)
pl0 - PJJonxn

then (x, 1) is a regular point, where we set Q(x, 1) = B,(x) x (t — (7/8),02, t+ (1/8),02).

A suitable weak solution is a weak solution that satisfies some
additional conditions, most significant of which is a generalized energy inequality.
Unfortunately, it is not known if every weak solution of the Navier-Stokes system is a
suitable weak solution. In (4), they were only able to construct a suitable weak solution
on a bounded domain by assuming some additional regularity of the initial data.
Moreover, because it is not known if solutions of the Navier-Stokes system are
unique, it is not known if weak solutions constructed by other methods, e.g.,
Galerkin methods, are suitable weak solutions.

Our result is an extension of Theorem 2 that is inspired by Theorem 4. However, it
is not sufficiently strong to obtain an estimate of the Hausdorff dimension of the
singular set because our assumptions are essentially global in nature, while Eq. (7)
is local.

We also remark that hypotheses (3)-(6) can be considered to be requirements
that v or Vv be a member of a ““parabolic” Morrey space.

II. SKETCH OF PROOF

There are two basic elements of the proof. First is a local representation theorem
which enables us to estimate the solution at a point in terms of its integral average in
a parabolic cylinder with vertex at that point, and a singular integral. In particular,
denoting the integral average by

1
#ufdxdtz measuffufdxdt

we have the following result.

Proposition 5. Let ve L, (0,T; L,(2) N L,(0,T; Wi () be a weak solution of the
Navier—Stokes system

V,—AV+(v-V)v+ Vp =0,

divv =0,
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Boundedness for Naviers—Stokes System 621

in Qr =2 x (0, T), where Q@ € R, We have an absolute constant y so that for almost
every (x,t) € Qp with Qr(x,t) CC Qr,

v D)
)| =< ,T)| dEdT + dedr (8
el = V#QR\QRu(x,z)'v(E Dldedr y//QR(x,t) (Ix—&+vi—1' A ®
and

Iv(x, 0| < V(& )| dsd
Ve V#QR\QRQ(%I) V&0 i
[(v- VIVI(E, D)l

+ dé dr. 9

y//QR<x,r)(|x—$l+vt—f)3 sdr ©)

To prove this result, we use the fact that the fundamental solution of the Stokes
system can be written in the form curl A for a vector potential A which we can
calculate explicitly. We then choose a cutoff function ¢ and use curl(¢A) as a test
function. The details of the proof are provided in Sec. IV.

The second elements of the proof are the following propositions on fractional
integration. These allow us to estimate the singular integrals that arise in the repre-
sentation theorem and are generalizations of the usual Hardy-Littlewood—Sobolev
results found, for example, in (20, Ch. 5, §1.2), and are inspired by the results in (12).

Proposition 6. Ler V C RY x R be a bounded domain, and suppose that
1

(i) esssupsup A,// lfE D dedr=|f %, y) < 00 and
(x, )€V p>0 P Vo, (x, 1) a

i | /vlf(é, I de d < 00

for some m>gq>1and 0 < i < N+2. For (x,t) € V, define

_ [
een= //v (x =g+ =y T

Then for any m < p < oo satisfying

I q/1 o
->=|l-——— 10
p>m<q N+2—A> (10)
there is a constant y = y(N,p,q,m,a, X, V) so that
m/p 1=(m/p)
VTS ey = VIS 0201 T (11)

Proposition 7. Ler V C RY x R be a bounded domain, and suppose that

. 1
(1) esssup sup—A/f lg(&, T)|qd§d‘[£|g|z,\v) < 00, and
(x,0NeV p>0 P VNo,(x, 1) al

(i) / fvv E D" dedr < o
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622 O’Leary

for some m and q with 1/m+1/q < 1 and some 0 < A < N 4+ 2. For (x,t) € V, define

: _ f (E’ r)g($5 T)
TU&X&O—[LGX_Q+¢VTHWHadan

Then for any m < p < oo satisfying

1 1 1 a+r/g

—>—+4- 12

p ~m + q N+2 (12)
there is a constant y = y(N,p,q,m,a, 1, V) so that

”T(fag)”Lp(V) <vIf ||L,,,(V)|g|£}](V)- (13)

These propositions are proven by splitting the region of integration into an
infinite sequence of concentric shells constructed from parabolic cylinders. Within
each shell, the resulting singular integral can be directly estimated, and the para-
meters are chosen to ensure the convergence of the resulting infinite sum. The details
are provided in Sec. V.

To prove the main result, we apply Proposition 6 or 7 to the singular integrals that
arise in the representation theorem. This shows that if ve L, ,.(27) then
v € L, 10(27) for some p > m. We iterate this process until we have sufficient local
integrability to apply the result of Theorem 2.

A number of standard results on various potentials are required; for the
convenience of the reader, these are collected in an Appendix.

III. PROOF OF THE MAIN RESULT

We begin by assuming that hypothesis (i) is satisfied. Suppose that v e
L, 10c(S27) for some m > ¢; we claim that there is a constant « > 1 depending only
on g and A so thatv € L, 1,(S27) for all p < «km. Indeed, let Y CC V CC Q for some
subdomains ¢ and V. Choose R = R(U,V) so that Qx(x,1) €V for all (x,7) € U.
Apply Theorem 5 to conclude for almost every (x, ) € U that

wmmspﬂ v )| de de
Og(x, 1)

vE DI
dédr. 14
+K0;ux—a+ = 9

The first of these is bounded uniformly for almost every (x, ) € U. Apply Proposition
6tof = Iv|%; then because |v|* € L,,, and ||V|2|£x/2 < 00, we see that the second term is
in L,(V) for any !

m
P2y =wy

Combining these yields our claim.
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Boundedness for Naviers—Stokes System 623

Because (i) implies that v € L, 1,.(27), we can apply the claim repeatedly starting
with m = ¢ until we can conclude v € L,, 1,.(227) for some m > 5; the theorem under
hypothesis (i) then follows from the regularity result of Theorem 2.

The proof of the second part is similar. Indeed, suppose that v € L,, 1,.(©27) with
1/m+ 1/q < 1; we claim that there is a constant ¥ > 0 dependent only on ¢ and A so
thatv € L, 1,(Q7) forall 1/p > 1/m — . To see this, choose U, V, and R as before;
then Theorem 5 implies for almost every (x, 1) € U that

3 VE DIIVVE D)
v(x, 1) < y#w VE D dedr + y / /V s s 19)

Applying Proposition 7 to the second term with /' = |v| and g = |Vv| for @ = 2, we
see that the singular integral is in L,()) for

I 1 1 242 1 1
LI L L T
p m q 5 m 5q

so that the claim follows.
Because v € Lo (0, T; Ly(R2)) N Ly(0, T; WA()) — Ly/3(827), we can apply the
claim repeatedly starting with m = 10/3 until we can use Theorem 2.

IV. PROOF OF THE REPRESENTATION THEOREM

Let (x,,1,) € Q7, and let Ty (x,7) be the fundamental solution of the Stokes
system. Then

1 @ C(y,t,—1)
Ti(xy —x, 0, — 1) = 8;T(xy — X, 8, — ) +— ~
1y = X1, = 1) = 8, T(x, — x >+4naxjaxk/w(xa_x)_y|

where §; is the Kronecker delta and

1 x|
F(x, l) = WCXP —Tl

is the fundamental solution of the heat equation in [R>.
For convenience, we set T;, = (T, Tor, T3x) = (Th1, Tia, Ti3). Because Ty, is sole-
noidal, AT, = —curlcurl Ty, and we can use the Newtonian potential to write T as
curl T, (&, ¢, — 1)

1
Ti(x, —x,t,— 1) 4]Tcurl A Te———— dé&. (16)
Details are provided in Appendix; see Lemmas 14 and 15.

Fix Qg(x,,t,) CC Q7, and let 0 <¢(x,7) <1 be a smooth cutoff function in
Or(x,,1,) so that ¢(x,0)=1 if (x,1) € Qr/a(x,,1,), so that ¢(x,0)=0 if (x,7) ¢
Q3r/4(x,,1,) and so that |¢,|+ |V¢|? + |D2¢| < C/R? for some absolute constant C.
Let 0 <¢, <1 be a sequence of smooth approximations of ¢, with ¢, 1 ¢, so that
C,(x,t)=01if |z, — t] < 1/2n and so that ¢,(x, 1) = ¢(x, 1) if [t, — t| > 1/n. For n > 0, let
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624 O’Leary

J, be a symmetric mollifying kernel in space and time, and denote the space-time
mollification J, * / by .
Define

(17)

. | 1T (5,1, — 1
O (x, 1) = Ecurl{gn(x, ) fw M&l) dg}.

|(xo - x) -

Since T(x, 7) is smooth away from 7 = 0, we know ®{" € C(Q7) and div (D(" 0.
Thus, if 7 is sufficiently small, then ((I)(")) is a valid test function, and

/ f ( +A)<q)(n)) dx d = / [(v- V)] ((I)(ﬂ)) dedi

or after a change of variables

d
// v, (— + A)cbﬁ? dxdt = // [(v-V)], - @ dxdt. (18)
Or(yut,) ot Or(xouty)

We begin by estimating the left side of this equation.
First note that

curl Ty (&, ¢, — 1)

c—n—8 &

O (x, 1) = £y(x, T (5 — X 1y — 1) + = V2,52 1) f
4 R3

Thus the linear portion of Eq. (18) can be written as

// ( + A)(D(") dx dt
_ / / v, <g + A)[g‘n(x, OTL(x, — x. 1, — 1) dx dt

curl Ty (&, ¢, — ©)
// < M) {W” 0L dé}d””
—I+J.

We shall estimate each of these terms separately.
Integrate by parts in / so that

// { ( - A) } : é‘n(xa I)Tk(xo - X, ZO - l) dx dt.

We want to send n — oco; note that for each (x, ¢) € Qr(x,,?,)
VIVl

0
O ==

because |D; Dy Ty(x, 1) < C(Ix| + V7" (Appendix, Lemma 12). Since the
right side is integrable uniformly in n we can use Lebesgue’s dominated convergence
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Boundedness for Naviers—Stokes System 625

theorem to pass to the limit as n — oo in /. Consequently when we insert the defini-
tion of T, we obtain

nlemI = // {( — A) } L(x, )Ty (x, — x,t, — ) dx dt
// {(— — A)(vk)n}g(x H(x, — x,t, — t)dxdt
1 d
w2 G2

& L(y.t, — )
x L(x, 1) ™ ax](/; G, — ) = d dx dt

=1 +D.

To estimate I;, we rewrite it as

// {<——A) (Vk)né]}l"(xo—x, t, — t)dxdt

+/fQR(Vk)n{<E—A>C}F(xO—x,ta—t)dxdt
: 9 s

_2;/‘/?{8—);/_(1’/()"}8—)91“()60—x,to—t)dxdt

— 11(1) +11(2) _|_11(3)

Standard properties of the fundamental solution of the heat equation
(Appendix, Lemma 13) imply that

I = —(00), (X0 1,)8(X 00 1,) = —(v), (X1 1,).

Because |D'D"T(x, )| < C(|x| + NG (Appendix, Lemma 10), we know
that

Sl
1) < 12// DL ear<y 76[ v, (v, ) dx dr
R Or\Orp2 (Ixo — x| + Vi — )] Or\Og)>

because ¢ is constant in Qg».
To estimate /; ) we integrate by parts to obtain

19 =2 / / (), (AOT(x, — X, 1, — 1) dx dt
Or

ac or
—22// 00 35y G = oty = D,
Jj=
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626 O’Leary

and applying the same estimates we used for 11(2), we find that

‘11(3)‘ < y# v, (x, )| dx dt.
Or\Ory2

Next we turn to /,. Integrate by parts, and use the fact that v, and hence v, and
the derivatives of v,, are solenoidal to obtain

o 0 C(y,t,—1)
= 4n2//QR{<8r ) )}ax 8xk/w Cry — ) — g et

Integrating by parts once more yields

9 L(y,t,—1)
e 2, o (e ) g v
1 9 o
i ;//QR onf(G+2) 5
0 L(y,t,—1)
) 0 fmﬂ I(x, — x) — ¥l d dXd[_i Z f/ 2 veur oy ax; 8x

/Zl

¥ T(p,t, — 1)
dydxdt.
o o, /R x,—)—y T

Because ¢ is constant in Qgp(x,,1,) and because we have the estimate
IDDY [ 1x — y|7'T(y, ) dy| < C(Ix| + /O~ (Appendix, Lemma 11) we see
that

Ll <y # v, (x. )] dxdi.
Or\Qr2

To estimate J, we first note that

1 & I(y,1)
1)=26,T t — d
jk(x ) ik (X ) + 4 ax axk L} Ix — y|

so that if {e[, e, e;} is the usual orthonormal basis of R*, then

d L(y, 1) y

1
Ti(x, 1) =I'(x, H)e, +-— grad —
4 oxy Jgre |x — ¥l

and hence
curl T(x, 1) = VI'(x, 1) x €. (19)

Thus we can write J as

f/ [<——A) “V;“n[V/R}'(ZO@’_Iii)__’)ads} xek}dxdt.
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Boundedness for Naviers—Stokes System 627

The usual estimates of Newtonian potentials of the heat kernel imply that the inte-
grand is uniformly integrable in n, so we can pass to the limit as n — oco. Integrate by
parts once more to discover that

| e
i s= [ e[ 2)oe][ v [, e o v
F(&ta_t)
s { (+A)[vfwwdg}xek}dm
9 RAGlN
27TZ://R {(BX[ g) 8xE[V/R3 |(x0_x)_§|d€]><ek}dxdz.

Once again use the standard estimates of Newtonian potentials of the heat kernel to
conclude

lim J| < y# v, | doxdr.
n— oo Or\Orp2

To estimate the nonlinear part of Eq. (18), we begin by noting that the definition
of (DE(") implies that

_ / f 6, @ dx dr

= // [(v- VY], - &u(x, ) Ti(xy — X, 1, — 1) dx dt

1 / / [(v- V)], {V;n 1) / CT(rin(i)l )dg} dx dr.

Use Eq. (19) and pass to the limit as » — oo to find that

lim K = // [(v- V)], - &(x, 0) Ti(x, — x, 8, — 1) dx dt
Or

L . F(%‘, Iy — t) "
+4”[/QR [(v V)v],]{V{[V/[R3 4|(x0 e d.‘;‘] X ek}dxdt

:Kl—‘r‘Kz

Standard estimates of the fundamental solution of the Stokes system (Lemma 12)
imply that.

-V,
'K"<V//R<|xo v
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Alternatively, we can integrate by parts to see that

K| =

J.m=1

/ (S0 ) 1 Ty, = 1, = )

// (vm\J/)?7 8 Ti(x, — x, 1, — ) dx dt
/m 1

> (vaj)r]
<y ) // o v

Jj,m=1

As for K,, we estimate the potential integral in the usual fashion (Lemma 11) to
see that

v
= AT
R QR\QR/” —x[+ Vi — )

// (v V)v]n dx dt
Or (|x _x| + 3 .

Alternatively, we integrate by parts to see that

|(vaj) |
K2 = // 7 dx dt
| 47T Z R2 Or\Qrp2 (|x0 — x|+ Vo — t)z

]ml

v
1// Cotibl g
R Or\Orp2 (|xa — x|+ Vo — 1)

> (VmV/)
SV'Z //R (|X0—X|+\/l_—) et

Jym=1

Put the estimates for 7, J, and K together, to discover for each n > 0 that

IV (o, 25)] < y# v, (x, )] dx dt
Or\Qr)2(%,, 1,)

3
(v, |
Ty // : dx dt (20)
1/2::1 Orxorty) (1% — X[+ \/t_[,“—‘t)“
and
[V, (X0, 2,)] < y# v, (x, 0)] dx dt
Or\Qg/2(X0» a)
\Y%
// [(v- V)v], | vt on
Or |x _x| +JZ——)

Our result then follows by passing to the limit as n | 0. Note that Propositions 6 and
7 with A = 0 ensure that the singular integrals define functions in L,(S27) for some g,
so the indicated convergence will take place for almost every (x,, t,).
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Boundedness for Naviers—Stokes System 629

V. FRACTIONAL INTEGRATION
IN MORREY SPACES

In this section, we provide a proof of our results on fractional
integration, Propositions 6 and 7.

A. Proof of Proposition 6

Let p be chosen to satisfy Eq. (10). Then

1T 0= sop [[ s 77 (s dsa

171

=
h(x,0) [ (§,7)
N dédrdxd
IIhSl:,ril//l;//v (|x_§|+m)N+2_a Edtdxdt
where 1/p + 1/p' = 1. Choose h so that |||, = 1. Then
h(x’ t)f (‘i:’ T)
dédrdxd
//V//v (|x—§|+m)N+2_a Edrdxdt

-y W0 (6.)
= Z f/y// e, (|x — &l + M)N-&Q—a dédtdxdt

n=Ay
_ i 7™
n=Ay
where
o'n={EneV: 2" < x—gl+ V-t =27} (22)

and 4 = Ay is an integer chosen so that B,-(x) x (t — 272 1427242 Y for all
(x,0) e V.
Rewrite the integrals 7™ as follows.

0] < 2142 / f / / (& DI, )] di de de di
Vv 0"(x,1)

| O R e i
vJJ QN (x.1)

x [lf(%', 7)| m/p] [|h(x, l)|(m—p—q+pq)/(p—1)c/] d€ dv dx dt.
Then because

-m 1 m-p—
p i p 4‘|‘Pq:
rq p rq

1
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and because our hypotheses ensure that each term is positive, we can apply Hoélder’s
inequality to discover that

(p—m)/pq
10) < V42 ( / / / / L € D1 hGr, 017V d de dx dz)
% "(x, 1)
1/p

X <// // |f(§,t)|md§dtdxdt>

y (x, 1)

(m—p—q+pq)/pq

x <// // |h(x, )PP~V dg dv dx dz)

% (x, 1)

— 2n(N+2—oz)]l(n)12(n)13(n).

We shall estimate each of these in turn.
Werite the first of these as

(p—m)/pq
= ([ f]renreor e asivasa)
v (X, 1)
(p—m)/pyq
< (esssup // L/ (&, T)|qd§df>
(x. eV "(x, 1)

1\ (p—m)/pq
L q

— m—M(p—m)/pq) I—m/p

On the other hand the region of integration for / (2”) is the set
{(X, LET) (D, ETDeV.2 < x— £+ —1] < 2_"},

so apply Fubini’s theorem to interchange the order of integration and obtain

1/p
1§">:( // // ( )If(é,r)l'”dxdzdédt> <y @ NIPUL UG
1% (& T

Finally, note that
(m—p—q+pq)/pq
= ( f / f / |h(x, PP~V dt dr dx dt>
% "(x, 1)
< y(2”)_(N +2((m=p=4+p9)/P9)
Combine these results to find that

(n) m/p l—m/p~nB
[l <yilf ”Lm(V)|f|£2(V) 2
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where

— 1 o
B:(N+2—a)—ku—(N+2)[_+Lq+pq:|
pPq p pq

1 o 1m
= 2-0| (G- 5=n) ) <

by our requirements on p. As a consequence

h(x,0)f (&, 7)
//V //v (Ix — & + VT =)V dédrdxdt

o0
1— B 1-
< VIS NE S gy D2 2 < VU170 S sy

n=Ay

and our proposition follows.

B. Proof of Proposition 7

We proceed as we did for the proof of Proposition 6. In particular,
17C/, 9, < SUPja) =1 Yomed 1" where

h(x, 0)f (8, 1)g(§, 7)
"= dedrdxd
//V//”(x,t) (Ix — &+ VT =)V §dvdxdt

and Q"(x, ) is defined by Eq. (22). Then

|I(n)| < 2)1(N+2—a)// // [|f (E’ r)|1—m/p|h(x’ t)l(p—m)/(p—l)m:l
Vv "(x, 1)

x [le ol 017 6 01 ]
% [| h(x, Z)|(p/<p—1>><1—1/m—1/:1)] dt dr dx dr.

Because

Loy 11 11
—— )ttt (1-——=) =
m p) q p m q

and because our hypotheses ensure that each of these terms are positive, we can
apply Holder’s inequality to conclude that

1/m—1/p
1| < 2V+2-9) ( / / / f Lf (e, O h(x, PP~ dg de dx dt>
v (x, 1)
1/q

x (// // lg(x, D)) h(x, 1) dédrdxdt)

% "(x, 1)

1/p

x(// // |f(x,t)|mdédrdxdt>

% "(x, )

1-1/m—1/q

x ( f f / f |h(x, t)|1’/(P1)d§drdxdt) )

% (x, 1)
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Working as we did before, we then find that

1
10y < 20y (2 L g )
—= J L, DN 4 ol

x (g ) () T
Thus
U< YIS D)8l 2"

where

B:(N+2—a)—————(N+2)(1—l—l>
g p m

1 1 1 a+r/g
—(N+2)| -t —+—— )
W+ )[ p+m+q N+2}

Our restrictions on p then imply that B < 0, and the result follows.

APPENDIX

Here we collect precise statements of some standard results which are used in the
article.

Because of the important role that they play in our work, we begin by recording
some results for the Newtonian potential. These are commonly proven under the
assumption that the functions involved have compact support; because that is not
the case when these results are needed, we shall also provide brief sketches of the
proofs.

Lemma 8. Let f € CK(R?), and define

Tf(x):/[m S dy:/R}f(TyTy)dy_

5 |x =)l
If, for all 0 < j < k
DL (),
—adxX < 0
RS |X]

then Tf € C*(R®) and D(Tf) = T(DXf).

Proof. It is sufficient to prove the result for £k = 1 and for all |x| < R, for arbitrary R.
If |y| < R then

‘f(x—y)‘ - I/ NI, Byx(0)
1 Iyl
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while if |y| > R then

‘f(x—y)‘ e =plx =y _ L=+l 2If(x—y)l
= Ix=y T Ix—l bl = x—=y

Thus there is an integrable function g,( y) so that | f (x — y)|/|y] <g,(y)forall |x| < R.
Applying the same process to f., we see that there are integrable functions g;(y) so
that | /. (x — »)/Iyl| < gi(y) for all |x| < R. The usual rules for differentiating under
the integral (8, Cap. XII, §9) give us our conclusion.

Lemma 9. Let f € CH(RY), and suppose that
() Jim 1f ()] =0,
(i1) |’llim x| |Vf(x)| =0, and

2
(iii) D dx < oo
R |X]

Then f (x) = —(1/470) [ (Af (»)/1x = y]) dy.

Proof. Apply Stokes identity (5, Ch. 2, Sec. 2.1) to f on the ball Br(x) for some R > 0
to obtain

! Vi) 1) Lf A
- do( y) — — d
SO =5 /aBRm{ ] +|x—y|2} o) 4n/BR ey Y

where v is the outward unit normal. Then pass to the limit as R — oo to obtain the
result.

We also need to understand the singularities of various potentials. We begin
with the fundamental solution of the heat equation.

Lemma 10. Let T be the fundamental solution of the heat equation in R® x R. Then for
any t > 0, for any 0 < o < 1/4, and for any integers £,m > 0 there is a constant C
depending only on £, m, and o so that

Ce—alx\z/t

D'D"T(x,f)| < —— .
PPz 0 (Jx] + /)

Proof. See (18, Ch. 2, Sec. 5).

Lemma 11. Let T(x,t) be given by

L(y, 1)

T(x,t) =
® X =yl

dy
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634 O’Leary

where T is the fundamental solution of the heat equation in R® x R. Then for any t > 0
and for any integers £,m > 0, there is a constant C depending only on £ and m so that

N OO
(|x| 4 \/;)l+m+2£ :

Proof. See (19, Ch. 2, Sec. 5).

|DIDYT(x,1)] <

Lemma 12. Let Ty(x, t) be the fundamental solution of the Stokes system in R’ x R.
Then for any t > 0, for any integers £,m > 0 and for any spatial derivative of order m
there exists a constant C depending only on £ and m so that

C

DD Ty, 1) < —— = .
| 1) ]/\( )’ (|x|+ﬁ)3+111+2ﬁ

Proof. This follows from the previous results and the form of Tj. See also (19, Ch. 2,
Sec. 5).

Lemma 13. Let T be the fundamental solution of the heat equation in R x R, and
suppose that f € CP(R® x R). Then for any (x,t) € R* x R

f(x,l):/_ /[R»‘ F(x—é,t—r)(aar—A‘g)f(é,r)dédr.

Proof. This follows immediately from the fact that I" is the fundamental solution of
the heat equation; in particular because (9, — A)I" = § as distributions. See also (6,
Ch. 2, §2.3).

Lemma 14. Let Ty be the fundamental solution of the Stokes system in R3, and let
T, = (T, Tor, T3i). Then T (x,t) is solenoidal for all t > 0.

Proof. By direct calculation, we see that

3 2
div T/C(X, [) = Z—a {5jkr(x: [) + L 0 / F(ya t) dy}
R

= ox; 47 dx; 0xy Jge |x —

ar 1 9 I'(y,t
:—(x,t)+——A/ (. )dy.

0x;, 4 ox, Jp3 |x — |

After using the decay estimates for I to differentiate under the integral sign (Lemma
8), the representation of the Newtonian potential (Lemma 9) implies that

ad
0x k

divTy(x, 1) = ;—;(x, H+ (-I'(x, 1) =0

as required.
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Lemma 15. Let Ty(x, t) be the fundamental solution of the Stokes system in R x R,
and let Tk = (le, T2ka T3k)' Then fOl’ any t > 0,

Tt = eurl [ SWTEED
47 R |x— &

Proof. Thanks to Lemma 9 and the decay estimates of Lemma 12,

1 [ ATWED
T == e T —g

dE.

Use Lemma 14 to see that AT, = —curlcurl T, + grad div T, = —curl curl T, then
use the decay estimates to pull one of the derivatives outside the integral (Lemma 8)
and obtain the result.
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