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ﬁl’ heorem. Let Q C R?, and let
v € Loo(0,T; Ly(2)) N La(0, T; W) be a
weak solution of the Navier—Stokes system
— Av+ (v-V)v+ Vp =0,
divv = 0.

Suppose that there is some € > 0 so that either

(z,t)eQp p>0 ,03 // (z,t)

ess sup sup

or

(z.)eQy p>0 P1T

where Q,(x,t) = [B,(z) x (t — p*, )] N Qp and
Qr =Q x (0,7).

Then v € Ly joc(§27), and v is C*° in the spatial

\variables.

dfd7<oo

esssupsup—// IVv(E,7)]7 dE dT < oo,
(z,t)

~
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ﬁl’ heorem. Let Q C R?, and let
v € Loo(0,T; Ly(Q)) N Ly(0,T; W4 () be a
weak solution of the Navier—Stokes system.

Suppose that either

i) There is some 2 < q < 5 and some A > 5 — q
that

~

esssupsup—// 7)|? d€ dT < o0,
(z,t)eQr p>0 /0 p(z, t)

or

ii) There is some 10/7 < q < 5/2 and
A > 5 — 2q so that

ess sup sup — // Vv (& 7)|TdédT < oo,
p(T,t)

(z,t)€EQr p>0 P

where Q,(x,t) = [B,(x) x (t — p*,t)] N Q.
Then v € Lo joc(§27) and v is C'™ in the spatial

Qariables.

/
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Significance of the result \

Generalizes the local regularity result of

Serrin.

Similar in spirit to the partial regularity result
of Caffarelli, Kohn and Nirenberg.

True for all weak solutions.

— Solutions do not need to solve an
initial-boundary value problem with zero

boundary data.

— Solutions do not need to be suitable weak

solutions.

The degree of smoothness cannot be simply
improved. Consider v(z,t) = a(t)V(x) for
some harmonic function () and some

merely integrable function a(t).

/




/Theorem (Serrin, Takahashi). Let Q) C RY and\
let v € Lo (0,T; Ly(Q)) N Ly(0,T; W4 () be a

weak solution of the Navier-Stokes system
vi— Av+ (v-V)v+ Vp =0
divv =0

in Qp. If either

i)veL,0,T;L.(Q)) for q and r with
2/q+ N/r=1, N <r < o0, or

ii) esssUpPgerer | V(+, 1) | Ly ) is sufficiently small

Then v € Lo joc(§27) and v is C'™ in the spatial

variables.

. /




ﬁf he following 1s well-known.

Theorem. Ler ) C RY be smooth, and let
v € Loo(0,T; Ly(Q)) N Ly(0,T; W4 (Q2)) be a
weak solution of the Navier-Stokes

initial-boundary value problem
vi— Av+ (v-V)v+ Vp =0
divv =0

V‘an(O,T) =0
V‘t:O =v, € H(Q)

If either

i)ve L,0,7T; L.(Q)) for q and r with
2/q+ N/r=1, N <r < o0, or

i) ve C'0,T]; Ly(Q))
Then v € C°°(Q x (0,T)).

.

~




/Theorem (Caffarelli, Kohn, Nirenberg). There zs\
a constant 0 > 0 so that if v is a suitable weak

solution of the Navier-Stokes system and

lim sup — // V(& T)|Fdédr <6
pl0 (z,t)

then v is essentially bounded in a neighborhood of
(x,t), where Q%(x,t) = By(x) x (t— £p* t+5p%).

e If v is essentially bounded in a neighborhood
of (x,t), we say that (x,t) is a regular point,

otherwise it 1s a singular point.

e This result implies that the set of singular

points has Hausdorff dimension of at most 1.

e A suitable weak solution satisfies some
additional conditions, most significant of
which is a generalized energy inequality.

. /




/ The Proof

There are two main elements of the prooi-
e A local representation theorem, and

e A generalization of the
Hardy-Littlewood-Sobolev theorem on

fractional integration.




/Proposition. Let Q C R3, and let \
v € Loo(0,T; Ly(Q)) N Ly(0,T; W4 (Q2)) be a
weak solution of the Navier—Stokes system

vi— Av+ (v-V)v+ Vp =0,
divv = 0.

There exists an absolute constant vy so that for
almost every (x,t) € Qr with Qgr(x,t) CC Qr,

v(z, )] < 7# v(E, )| de dr
Qr\QR/2(,t)

V(& T)]?
" V//@Rcc,t) (Jz — &l + Vit — T)‘*d5 o

and

v(z, )] < 7# v(E, )| de dr
Qr\QR/2(;t)

R
_ o (o—a+vi-mr




domain, and suppose that f € L,,(V) with

esssupsup—// |7 dE dr = ‘f|gx(v)
a:t

x,t)ey p>0 P
forsomem > qg>1and ) < A< N + 2.

For (z,t) € V, define

- // (o — ¢ +f(¢€|’2—r|>N+M

Then for any m < p < oo satisfying

1>q1 Q
p m\q N+2—)\

that

.

m 11—
T, < W”f”fm(v)‘f’sg(];)

/Proposition. LetV C RY x R be a bounded \

d¢ dr

there is a constant v = v(N, p,q, m, a, \, V) so

/




/Proposition. LetV C RY x R be a bounded \

domain, suppose that f € L,,(V), and
1

ess sup sup — // lg|? d€ dT = |g|t < 00,
(z,t)ey p>0 P (1) £ (V)

for some m and q with 1/m + 1/q < 1 and some
0<A<SN+2

For (x,t) € V, define

i FE.T)gle, ) )
R | ey e et

Then for any m < p < oo satisfying

111 a2
p m q N+2

there is a constant v = v(N, p,q, m, a, \, V) so
that

1T ), 0n < AN lLmolgle o).

/




/ Proof of the Main Result \

The representation theorem implies

\V(azt)\<77% v dear

// ]x—§\+\/|‘t2f7 ¢ o

for any V CC Qp.

The first of these 1s bounded uniformly.

As for the second, suppose that v € L,,,(V). Our
hypotheses require ||v|?| e, < 00, 50 our
fractional integration result implies that the second
term is in L,()) for any

Proceed by induction until we can apply the result

Qf Serrin. /




/In the second case, the representation theorem \

implies

\V(x,t)\<v7% t\ v(€,7)| dé dr

Suppose that v € L,,(V). Then the singular
integral is in L, (V) for

1 1 1
->———(A—(5—-2
> (A= (5 20)
We proceed by induction until we can apply the
result of Serrin.

. /




/ Proof of the Representation Result \

Recall the fundamental solution of the Stokes

system centered at (x,, t,)

Tik(xo — 2,10 —t) = 0 (2o — 2, 8, — 1)

1 82 F(y to o t)
’ d
+ 4 8:133333;6 /RS ‘(SEO — 33) o y’ 7/

where 0, 1s the Kronecker delta and

1 LN
P 1) = Cgyars P (‘47)

1s the fundamental solution of the heat equation.




/Set Ty = (Thk, Tok, Tsx) = (T, Tho, Ths)- \

Because T, is solenoidal, AT, = — curl curl T,
and we can use the Newtonian potential to write
T, as

Ty(x,—x,t,—t) = yp curl
T

/ curl Ty (&, 1, — t)d€
R3 |

(2o —2) = ¢

We localize by using a cutoff function ((x,t) with
((z,t) = 1if (z,t) € Qr/2(xo,t,), SO that
((z,t) =01if (z,t) & Qsr/a(zo,1s).

Our test function 1s then

(I)k(ZE, t) =

1 curl Ty (&, t, — 1)
Ewﬂ{““)/m (@0 — 1) — €] dﬁ}'

. /




/Our test function can be written as \

®p(x,t) =((x,t)Ti(x, — 2, t, — 1)

1 curl Ty(&,t, — 1)
+ EVC(CE,t) X /

R3 |(370 —:E) _f‘

Let QR = QR(ZEO, to). Then

//Q v, (0 + N) [C(x, ) Tr(xy — 2, t, — )] da dt

N ﬁ//@R vy (0 + A) {VC(x,t)

curl Ty (&, t, — 1)
" /R (@, — ) — ¢

_ //Q (v-V)V], @y dz di
IvI—K

de.

dg}dx dt

\Where v,, 1s a mollification of v. /




ﬁfhus, if Hu = vy — Au, and H*u = uy + Au \

— / (an)'C(xa t)Ti(zo —x,to — ) do dt
@r

— / . H(vi)nClT (o — @, t, — ) da dt

. / /Q :(vk)n(Hg)F(xo ity — 1) du dt

—22// ax ax Ty — T, t, —t) d di
_ﬁjz_;//%(vj)"
¢ 9 D(y,t, — t)

H*
{a%‘ Oxy Jrs |(xo — ) — Y

dy} dx dt

_ / Q H[(v)n T (20—, to—t)dadt = (03 )y (o, o).

/




/Further for any ¢t > 0, for any integers £, m > 0 and\
for any spatial derivative of order m there exists a

constant C' depending only on ¢ and m so that

C

(m i \/g)3+m+2e’
C

(] + V2

. I'(y,t C
\DfDm/ ( )dyy < —
RS |2 — Y (lz] + Vt)tHm

[DyDYT (2, 1) <

Dy DY Ti(w, t)] <

Thus

I hant) < [ wldgar
Qr\QR/2




Now N

1 0 ['(y,1)
T t) =1'(x,t — orad —
k(x7 ) (:U )ek—|_ 47T &ha 651% R3 ‘CC — y|

dy

so that
curl Ty (x,t) = VI'(x,1) X e,

and thus

! //QRHVW.{W
ot Xe’“}dm‘




/Integrating by parts, we find \

1= [ e

F(gato_t)
X [V T — 1) — 6] d&] X ek}dat dt

b L //QR%.{W

X H* [V L& _—t)fl df] X ek}dx dt

r# |(To — )




/Hence the estimates of 1" imply

Y
N [ e
R Qr\QR/2 !

Finally

K — //QR[(v-V)V]n.ng(% ety — ) du dt

v f[ i

~

: [V T ]“k}dm

so that the estimates of T and I' imply

\K!<7//QR |$0_37‘+\/1]5‘7_) da dt.

.

/




/Alternatively, we could integrate by parts first, and\

5 [

jml

—— (e, )T (2 — x,t, — t) ¢ do dt
J

>/ R(vm%%{vc

X[V T ]“’“}jdm

so that the estimates of T and I' imply

\K!<v//QR |%_x|+\‘/fL> dz dt.

Passing to the limit as n | O proves the

\representation theorem. /




/ Proof of the Fractional Integration Results \

For h € L, (V) with 1/p+1/p' =1,

/ / h(w. 1) Tf(x.1) da dt
=S [ L R
where

Q”(x,t):{(f,T):]aj — &+ Vt—T € [2_”_1,2_”]}

and A = Ay is an integer chosen so that
By-a(x) x (t — 2724t +2724) D VY for all
(x,t) € V.

. /




/ Now for each n, Holder’s inequality implies \

[ e Tomets v
< griHe [ / /V / / o !f(fm)\m] 5

YLl o] ™
LS isenpm.nis] ™

n( o) n "‘2
< ’Yz (N+2— {(2 ) f||Lm(V)i|

Consaran i lCon

p—m 1—m
1l

- Y,




( Ths A

j—m

1T flz,00) < ’Y”f”I?m(V)‘f’gé(Z{;) Z 2"

’I”L:AV
m 1_m
< ’VH]UHme(V)‘f‘gé(];)

where

1 8 1m
B=(N+2-\) || = - — | <o.
( >[(q N+2—A) pq}

The second result 1s proven 1n roughly the same

fashion.




